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Abstract. Let G be an arbitrary monoid with 1 and right cancellation, and A" be a

given field. We will construct extension fields F D K with endomorphism monoid

End F isomorphic to G modulo Frobenius homomorphisms. If G is a group, then

Aut F = G. Let FG denote the fixed elements of F under the action of G. In the

case that G is an infinite group, also FG = K and G is the Galois group of F over

K. If G is an arbitrary group, and G = 1, respectively, this answers an open problem

(R. Baer 1967, E. Fried, C. U. Jensen, J. Thompson) and if G is infinite, the result is

an infinite analogue of the still unsolved Hilbert-Noether conjecture inverting Galois

theory. Observe that our extensions K c F are not algebraic. We also suggest to

consider the case K = C and G = {1}.

1. Introduction. We want to investigate field extensions R of an arbitrarily fixed

field K of characteristic char K = p a prime or p = 0. Using some terminology from

model theory, we will show that field extensions of K are a nonstructure theory in a

very strong sense. The extension field R can be chosen quite arbitrary up to the

obvious restrictions. Let us recall the related well-known facts. End R will denote the

set of all endomorphisms of R. The product of endomorphisms makes End R =

(EndR)' to a monoid, which is a set G' with associative multiplication "■" and

identity 1 g G. A monoid G satisfies the law of right cancellations if yx = zx for

x, y, z g G implies y — z. The endomorphisms of R are necessarily injections,

hence End R satisfies the law of right cancellations.

Observe that maps are acting from the right. Apparently not all endomorphisms

are surjective. If p # 0, the field R always has a special semigroup 0 of such

endomorphisms, the Frobenius homomorphisms. The cyclic group <ï> ç End R is

generated by ex(p): R -» R which takes r g R to rp. Frobenius homomorphisms

are surjective if and only if R is a perfect field. If p = 0, then O0 = (1} = 1. It is the

object of this paper to prove the converse of these well-known facts.

Theorem. Let K be any field. Then the following conditions are equivalent.

(1) G' is a monoid with right cancellation.
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(2) For any cardinal X ^ \G\ with X > k = \K\ • X0, and X* = As", there exists a

field extension K G R such that \R\ = AN" and End R' = 3> X G" is a semidirect

product with <bp central in (End R)'.

The field R is not perfect ($''" s N') for /? # 0 and Frobenius homomorphisms

=£ 1 are not surjective in R.

We have the immediate

Corollary [7]. Let K be any field, G be any group and X > \G\ any cardinal with

XK = AN" and X > k = \K\ ■ N0. T/ie« //le/r exists a field extension K cz R such that

\R\ = Xs" and Aut R = G. Moreover, if G is infinite, then G is the Galois group R

over K.

The last remark follows from the group action on R. which is defined inductively

in §3. By an easy support argument we have RG = K, where RG denotes the fixed

field {r g R: rg = r for all g g G}. The reader is invited to consider the special

case K = C, the field of complex numbers and the trivial group G = {1}. It is also

clear in this case that the size |R| of any extension field R of C with Aut R = 1 must

be larger than |C|.

The corollary extends a recent result of the authors [6] in Gödel's universe V = L.

The earlier construction in L depends on R. Jensen's diamond function and the

prediction of maps on the union of ascending chains. Here we want to prove a

similar result in ZFC—without any extra set theoretic hypothesis, cf. [7]. Hence it

seems reasonable to imitate the prediction of Jensen functions. This is performed by

a Black Box, prepared in §2. The role of the Jensen function is taken by partial maps

associated with traps. The Black Box originates from a model theoretic result of S.

Shelah [31]. It was used in Shelah's proofs on the existence of almost indecomposa-

ble abelian /^-groups [32, 33] ten years ago and has been refined in [34]. Other proofs

have been given in Corner, Göbel [2] and for cardinals of cofinality a in Franzen,

Göbel [10]. Observe that the Black Box is proved by simple but suitable counting

arguments only. It is straightforward to carry over the arguments from [2 and 10]

and to conclude (2.10). We also employ a simplification used in [8].

The reader will observe similarities with earlier theorems of the authors [4, 5] and

jointly with A. L. S. Corner [2], S. Shelah [18] and A. Mader, C. Vinsonhaler [8] on

ring and module theory. Modules M of certain categories over a class of commuta-

tive rings T have been constructed in such a way that a prescribed T-algebra A is

realized as an endomorphism algebra; cf. [2, 4, 5, 18]. In a fixed module category we

have unavoidable, so-called inessential endomorphisms, in general. Such endomor-

phisms have been collected in an ideal Ines(M) of the endomorphism algebra

End M; cf. [2, 5]. It turns out (after some calculations) that this ideal Ines(M) is

well known in special categories; cf. [2]. In the case of abelian /^-groups Ines(M) is

the ideal of small endomorphisms of M, introduced by R. S. Pierce, for instance. In

the case of cotorsion-free modules M we have Ines(M) = 0. Other cases may be

found in [2] or [19]. The general realization theorem for T-modules M reads as

follows:

End M = A ffi Ines(M),
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cf. [2, p. 462, Main Theorem 5.2], in particular see the restrictions on T. In the

context of field theory, the role of Ines(M) with respect to multiplication is taken by

the semigroup í> of all Frobenius homomorphisms, which cannot be killed by any

extension. Therefore <bp naturally comes up in the theorem. However, $p = 1 if

p = 0—which corresponds to the category of torsion-free T-modules.

The similarity can be pushed even further. The construction of ^-modules is

performed between a sufficiently large "relatively free" module and its T-adic

completion. In the case of fields you do the same: The "relatively free" objects are

large enough function fields and the T-adic completion is replaced by the algebraic

closure. Now it is clear that a field should be cotorsion-free if it contains no

algebraically closed subfield. The modules M are derived as pure submodules of the

mentioned T-adic completion. Purity is achieved with the help of divisor chains [2,

5]. In the case of field theory we need an equivalent notion. Since multiplication in

fields is more relevant than addition, the parallel construction of purity is carried out

with root chains, compare §3. These root chains are motivated also by E. Fried and

J. Kollar [13]; however, they are essentially different from the chains in [13]. They

have been used in our earlier paper [6]. Hence the authors would like to understand

this paper as a contribution of abelian groups to field theory, caused by the advances

of the first theory in recent years; cf. [19].

The correlations cited between the two theories might help to detect other

connections. However, and this is not surprising either; the actual computations in

the following sections—although inspired by module theory—differ substantially

from their origin [2, 5]. Besides the methods mentioned, the construction uses ideas

from algebraic geometry, polynomial rings and (of course) from field theory. Finally

we want to include some historical remarks concerning the solved problem. It was

brought to our attention by C. U. Jensen (Kopenhagen) at a Colloquium at Essen

University. We would like to thank him for a stimulating talk as well as for his

support of $25 on the solution in the case K = C and G = 1. The problem seems to

be known to many experts. It is stated in E. Fried [12, p. 315] and it was earlier

(1967) discussed in a seminar at Sheffield University by R. Baer as pointed out by P.

Vamos. It also has been considered by J. Thompson in more recent talks. J. De

Groot [20] asked a weaker question in 1959: Is any prescribed group G the

automorphism group of some field? This was answered for G = Z by W. Kuyk [23].

The final answer to De Groot's problem was given by E. Fried and J. Kollar [13].

The characteristic of the field can be prescribed as well, see [13] for p ¥= 2 and [27]

for p = 2. The complication caused by a prescribed subfield K lies in the fact that

Aut K might be very large. In order to find an extension field R with Aut R = G we

must kill the automorphisms on K simultaneously. In De Groot's special case we

simply start with K = Q and recall that AutQ = 1.

There are similar problems known in field theory.

The famous still unsolved Hubert [22]—E. Noether [26]—conjecture "inverting

Galois theory" asks for realizations of finite groups as Galois groups over K = Q;

compare the reports by [25, 36] and references in these papers. The most important

contribution in the finite case is the realization of all solvable groups by I. R.

Safarevic [29]. Moreover, many of the finite simple groups have been realized—
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including most of the sporadic simple groups, see B. H. Matzat [25] and in particular

J. G. Thompson [37, 38], W. Feit, P. Fong [9]. Our method contributes a solution of

an infinite analogue of this problem. However, observe that our field extensions are

not algebraic over the group field K. In fact algebraic extensions are impossible

because K might be algebraically closed and if this is not the case, then G might be

too large. Hence—unfortunately—this construction will be of no use in the finite

case. There is also a weaker version of this problem asking for realizations of finite

groups on algebraic extensions of Q. This problem was essentially solved in [14] and

corrected in [15]. A new simple proof is due to W. D. Geyer [17].

In a recent paper D. J. Madden and R. G. Valentini [24] constructed function

fields F over a given algebraically closed field K with a prescribed finite relative

automorphism group G = A.\xt(F/K). This was sharpened by H. Stichtenoth [35],

who can prescribe the fixed field FG as well. E. Fried [11] replaced fields by

domains. In this case the answer can be obtained with less effort because of the rich

ideal structure of domains.

2. The Black Box. We will use a simplified version of Shelah's "Black Box"

adjusted to the construction of field extensions. The proof of the combinatorial tools

is derived from Corner, Göbel [2], which is based on S. Shelah [33]. The simplifica-

tion turned out to be useful in Dugas, Mader, Vinsonhaler [8]. The reader who is not

willing to use the simplification, can also use [2] which makes no essential difference.

In fact, we will adopt the terminology from [2] and will sometimes talk about

"branches".

Let G = (G, -, 1) be a monoid with associative, multiplicative structure (G, •) with

the law of right cancellation (hg = h'g implies h = h') containing the identity

1 g G; compare N. Bourbaki [1, p. 12]. Furthermore let K be any fixed field of

characteristic char(K) = p with p = 0 or p a prime. Let k = |AT| • S0, where |AT|

denotes the cardinality of K. Choose any cardinal X > k, \G\ such that A" = As'°. We

want to construct an extension field R of K of cardinality |R| = As". Choose a set X

of independent and commuting variables, and let

A" = {«: u: co -» A strictly increasing}.

Elements of A" will be called "branches" occasionally, as in [2]. Consider

X = [x,: t g A X k X G} and Y = {yu: u g A" X G). The

(2.1) elements of the first set are called x-variables, the second ones

^-variables.

We will write / = (a, k, g) G A X k X G and tx = a, t2 = k, r3 = g for the

components. Similarly u = fg G A" X G and w, = /, u2 = g where / g A", g g G.

If g = 1, we also write x, = xak and yu = yf. If F is any field, then let F be its

algebraic closure. Furthermore F[T] denotes the polynomial ring over a set T of

independent, commuting variables with coefficients in F, and F(T) is its function

field. In particular we are interested in the fields

(2.2) FQ = K(X)çzF = K(XUY)QF.
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If A g G, then let

(i) rh = r for all reí.

(2.3) (ü) xakgh = xak(gh) for all akg g A X K X G.

(iii) yfgh = yf(gh) for all fg g A" X G.

The map h on ÍUJÍU f is injective because G satisfies the law for right

cancellation. Hence h induces a unique canonical endomorphism (injection) of F

which can be extended (not uniquely) to an endomorphism of F because F is

algebraically closed. This endomorphism on F will be denoted by h as well.

Therefore we conclude

(2.4) G c End F   via (2.3).

Observe that it is impossible, in general, to extend G to a submonoid of End F;

e.g. consider G = Z/2Z. If G ç Aut F, then F is a real closed field. Used facts on

field theory can be found in [39 and 40]. Similar to [5 or 2, p. 451, (1.7)] we will work

with supports, which here depend on X or Y.

If /g F, then / is algebraic over KiX,Y); cf. (2.2). Hence

there exist minimal and finite sets [f]x C X and [f]y c Y

such that

(2-5) f^K(JffuVv) = F-
We call [f]x the x-support and [f]y the v-support of / and

[/] -[/]* U [/]'is the support of/.

Remark. Take the minimum polynomial of / over KiX U Y) and collect the

variables x g X used for coefficients of this polynomial. The resulting set will be

[/]*. Similarly define [/]■>'.

We also introduce a norm which is related to supports in A. Here we assume

cf(A) > S0. The other case cf( A)= S0 is similar using notation from [10]. If U £ A,

then \\U\\ = sup U g A 4- 1. Furthermore, if / e F, then ||/|| =

sup{a e A: xakg g [/]* or a g Im m,, yug e [/]> for some k, g, u) = ||[/]|| e A

and >>„ G Y has support Im(i/,), hence \\yu\\ = \\lmiux)\\ g A. Similar to [2, p. 451]

we will use the

Definition 2.6. A canonical subfield P is a subfield of F0 of the form

P = PT= Kix,: t g T X k X G)

for some subset T ç A with 0 * \T\ ^ k. Let [P]x = [x,: lelXitXC) denote

the x-support of P. Let us agree on writing P = PT= P,P]x. In addition, call

P* = K([P]X U \yfg. fg g A" X G, Im(/) ç T, \\f\\ < \\T\\})

the Y-closure of P.

Observe that G ç End PT. Similar to [2, p. 454] we now define a trap.

Definition 2.7. A trap is a triple t = (/, P, <#>) where

(1)/g A" is a branch.

(2) P is a canonical subfield of F0 such that <£: P* -* F is a field embedding with

the following properties, for all « g to,

(i)[/T = Ùnfwrnwith/(«)G7;,
(ii) supT,, < minTn+1 (using  <  from the A-component),
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Ciiï) if /,, = U, < „ Tk and P„ = P,: then P„> ç P„*+1,

(3) K(xmx) ç P and ||tf(*ooi)<í> U AT(^ooi)ll < ll^ll-
From (2.7)(2) we have the immediate

Observation 2.8. If t = (/, P,<f>) is a trap, then ||t|| = ||/|| = ||P|| = ||P|| g A

has cofinality co, and U„eu P*<p Q P*.

Similar to Dugas, Göbel [5] ("A-big") or Göbel, Shelah [18], we will also need the

notion of a "large trap".

Definition 2.9. Let ta (a g A*) be a sequence of traps. Then we say that a trap

rn = (/, P, <p),  a G A*, is large (over  A*), if there exists an co-sequence  rm, =

(/„,», Pm,, </>,„.) (m* g A*) (m G co) of traps such that, for all m G co,

(■) llT„,*ll < ||T(m+1),|| is strictly increasing, and \\K(xmx)<t>\\ < ||t0||,

(ii)||{Tm,:WGco}||<||Ta||,

(iii) [Pm.] Q [P] and 4>m. = «Í» , C-

If ra is a large trap, we will write ia = (t„,,),„6u.

Black Box 2.10. For some ordinal A* > AK° (as ordinal) with |A*| = As" there

exists a transfinite sequence Tn = (fa, Pa, <pa) (a < A*) of traps, such that, for

a, ß < A*.

(i)ifß < a, then ||P^|| «S ||P„||,

(ii) if ß ¥= a, then Im/a D lmfß is finite,

(iii) if ß + ks" < a, then [Pß]x X k C\ {(fa(n),e(n)): « g co} is finite for any

function <?: co -» k. ([ ], denotes the first (= A) index of an x-element.)

(iv) For any subset JicF with | X\ < k, and any <¡> g End F, there exists a < A*

such that

(a) t„ is a large trap with t„ = (Omeui and,

(b) ra catches X and ^>, i.e.

X ç PQ* and ^. r Pa* = <j>a.

Proof. If A" = A*" (k > N0) follow Corner, Göbel [2, pp. 476-478] or Dugas,

Mader, Vinsonhaler [8, Proof of Theorem 2.6] where the tree " > co is replaced by a

branch co. In this case cf. (A) > k > N0. The proof for A > k with cf. A > N0 is

similar and only the case cf. A = co needs some extra arguments due to S. Shelah

[34]. A more direct proof is given in Franzen and Göbel [10].

3. The construction of a field R = R(K,G). In Dugas and Göbel [5] and Corner

and Göbel [2] we used divisibility chains in some completion in order to construct

(pure sub-) modules with prescribed endomorphism rings. The crucial operation in

fields is multiplication—addition is less important. Hence divisibility chains must be

replaced by root chains, which is the basic algebraic concept of this paper.

Let us agree for the rest of this paper on the following

Convention 3.0. The exponent z of an element of the fields under discussion

denotes z = 2 if the characteristic of the fixed ground field K is not 2 and z = 3 if

charK= 2.

Recall from Dugas and Göbel [6] the following

Definition 3.1. Let K cz P be any field extension and let z be a prime.

(a) An element / g P \ K is called z*-high over K in P, if there exist kn g K * =

K \ {0}, /„ g P with /„ = / and /;+ x = f„k„ for all n g co.
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(b) We say that K is z-pure in P if / g R, fz g K imply / g K.

Next we want to carry out

(3.2) The construction of the field R = R(K,G). Recall (2.2) and choose a trans-

finite sequence Ta = (fa, Pa,<j>a) (a G A*) of traps satisfying the conclusion of the

Black Box 2.10. Then we will construct our desired field R as the union of an

ascending chain of subfields Ra of F with a < A*.

Let p < A* and assume that we have found two ascending chains of subsets

S„ Q a, and of subfields Ra ç F for all a < p. The elements of Sa are called strong

ordinals. We also assume that G acts on Ra extending the action of G on Rß for all

ß < a. Moreover, we make the following requirements.

If p = 0, we assume nothing and put

(I0) R0 = F0 = KiX)    and    S0 = 0,

cf. (2.1), (2.2). Observe that G operates on R0 via (2.3). If ju is a limit ordinal, take

R^= URa   and    S^=[JSa        \
(1^) «</* «<ii \    (ita limit).

The G-action can be extended trivially/

When /t = a + 1, a successor, we distinguish three cases.

The strong case. Choose Sa + X = Sa U {a}. Suppose that it is possible to choose

"root chains" ,y, (i g co) in P* (g g G) and Ra + X in such a way that each of the

following conditions is satisfied.

(I.+i) «.+i-*.(/W''e«.íe4

(b) ' + A'/„x =iyf.gmt8 with m<¡ G p* n Ra sucn mat for a'l ' e w>

(i) mf = aai(l - x/a(i)eA¡)) (/ G co) for some injection ea: co -> k, aa, g Pa* n Pa

with ||(aa,: i g co}|| < ||/J|, and if ra is a large trap with ra = {f,.,P,.,^,.),mu

(/* g A*), then either (i) holds or

(ii) mf = aai(l - xL(lUJtX)(ba- yf.)(l - yff) for some injection ea: co -» k,

a«,- 6„ e C n Ra with ||{aa„ ¿>a: / g co}|| < ||r0»||.

(c) If h g G, we define its action on Ra + 1 extending /i \ Ra. If ,vy „ g ä„ + 1, then

<yf«gh = '^/„ä* wmcn 's an injective map because G satisfies the law of right

cancellations. Using (Ia + 1)(a), (b) then h\ Ra extends to an endomorphism of

R„ + 1. Therefore G acts on Ra + X extending the action on each Rß for/? < a.

(IItt + 1)If/?GSa+1 and <)>'„ extends <f>R f Ra + X, then there are numbers i(a, ß) g co

with /(a,a) = 0 and ¡yfXty Í Ra + X for all / > i(a,ß).

If this strong case is possible, we make this choice and continue the construction

at a + 2. If not, we consider

The weak case. In this case we choose Sa + X = Sa. Suppose that it is possible to

choose "root chains" ¡y,g (i g co) in P* (g g G) such that (I„ + 1) and (IIa+1) hold

[but certainly 0yfj<t>a g Ra + 1 for some extension <¡>'a z> <j>a [ Rn{,]. Now we require

less.
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(IIIa f,) If <j>'a extends <¡>a \ Ra+X, then ¡yf$a £ Ra for all i g co. If we can make

this choice, we will do so and call a a weak ordinal and continue the construction at

a + 2. If not, we consider

The useless case. Choose Sa+1 = Sa, Ra+X = Ra and call a a useless ordinal.

[We will show in §5 that this case does not exist: There are essentially no useless

ordinals.]

In order to compute the inductive construction, we must show

(11^) for limit ordinals p ^ A*:

(11^) If ß g S , and 4>'ß extends <fy, f R^, then there are numbers i(p, ß) g co with

¡y/fi^fië R»fora11 ' > 'i^ß)-
If (IIM) does not hold, then ,yfiX^ g R^ for infinitely many i G co. Hence ¡yf1<j>'ß g

Ra for some ai < p and we may assume ß < a, without loss of generality. From

(IpXb) we have (, + 1 y^Y g Ra. Since Ra is z-pure in R^, also i + xyfßX<t>'ß g Ra

and i + kyflX<t>'ß G Ra for all k > 0. This contradicts (IIa ) because ß g Sa. Now

transfinite induction completes the construction. Finally we derive the desired field

R = R(K,G) = Rx.    withGçEndR.

The ordinals  < A* are divided into strong ordinals in S = U„<A.Sa, weak ordinals,

and useless ordinals. It will be convenient to simplify the notations. Let us agree on

the following.

(IVa + 1) We will write in (Ia + 1).

^ ¡yf.g =¡y«g> o^ag = yag and ,yaX = ,ya,

(   } X/J')e„G)g = Xaeig an^ Xaeil = Xaer

(c) yfl. = yai or simp!y ya, = yt-

Since G ç End R, we ask for other endomorphisms in R. What are the unavoidable

endomorphisms? If cnar(K) = p (= charR) is a prime, then the set

ex(p'): R^ R(r^ r'')        (t > 0)

of Frobenius homomorphisms form a cyclic semisubgroup «D^ = <bp(R) (= N') of

(End R)' which is generated by ex(p).

Observe that the Frobenius group 3> corresponds to the ideal Ines(R) of

unavoidable homomorphisms of a module R, cf. [2, §4].

If p = 0, then $ = {1} is degenerated. In any case, it is clear from the G-action

on R that <b  n G = 1 and <bp is central. We derive

(3.3) $fXGç End G is a semidirect product.

It remains to show equality. This is the main object of this paper, which we postpone

to §5.

It will be convenient to define a special support T(...). If a G A* and ra =

(fa- pa- <t>a)< 8 G G, we define a support of fag to be

(3.4) T(fag)={j[¡ + Xy:glyax}.

It follows from (Ia + 1)(b) and (IVa + 1) that

T( fag) = T0 U {x„lg: i g co} where T0 Q X and

l|7oll<||/J| = ||r(/a)||.
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4. Algebraic tools: Simple field extensions. Observe that the construction (3.2) (Ia)

gives rise to many z*-high elements in P. In the following lemmas we will deal with

such elements. This is the central algebraic part of this paper. Special cases are

derived in Dugas and Göbel [6] as Lemma 2.2, Corollary 2.3.

Lemma 4.1. Let K be a field of characteristic =£ 2 and P = K(¡x: i g u) where

x =0x is transcendental over K and n + xx2 = „xkn for some kn g K. If u g K(tx) is a

square in P, then

ia) u is a square in Kii + Xx),

(b) if also u = f/Fwith inhomogeneous polynomials f, F G ÄT,jc], then u is a square

in K(¡x).

Proof. Observe that K(¡x) ç K(i+Xx) and P = \Jl<s„K(,x).

(a) Let u = v2 with v g P. Clearly we may assume u G P \ K and let i G co

minimal with u g K(ix). Let t > 0 be minimal with v g K(i+tx). We want re {0,1}

and assume t > 2 for contradiction. Since K(i + tx) = K(j+l_xx)(l + tx) with ¡ + tx2

= i+i-Xxkl + ,_x, K(i+Ix) is a quadratic field extension over K(i+t_xx). Therefore

v = aj+,x 4- b with a, b e Äf(/+/-i) and a ^ 0, because r is minimal. We derive

u = v2 = a2l + l_xxk¡+t_x + 2abi + tx + b2

= (a2¡Jrl_xxkl + l^x + b2) + 2abl + lx.

Because  char K ¥= 2,   this   implies   ab = 0.   Since   a + 0,   also   b = 0   and   u =

a2i + i_xxki + ,_x G K(,x).

Since ki + l_x g A^, also a2/+(_xjc g K(¡x). On the other hand a g ÍT(/+/_1jc)

which is a quadratic field extension of K(i+t_2x) and we can write a = ci+,_xx + d

for some c,d G K(i+t_2x). Therefore (c2i+t_2xki+t_2 + 2cdi+t_xx + d2)i+t_xx

g K(¡x) and 2cdi+t_2xk¡ + [_2 g /sT(í+,_2x). From A^(,x) c K(i+t_2x) we derive

(c2, + ,_2a:/V, + ,._2 + d2) i+t_xx G AT(;+,_2x). Since c2i+l_2xki + t_2 + d2 G

^(,+,_2Jc), we have

c2,+,-2*fc/+I-2 + úí2 = 0.

Therefore , + ,_ 2x = ky2 for some k G AT, j G K(j + t_2x) which is impossible by an

obvious degree argument. We conclude t < 1 and (a) holds.

(b) Let u = f/F with f,F e K[¡x] inhomogeneous and relatively prime. If

u = v2, then v = h/H and h, H g K[i + Xx] from (a). Without loss of generality we

assume that h, H are relatively prime as well. Hence

/(.-*)       h2ji + xx)

U     F(,x)      H2(i + xxY

and using i + xx2 =,xkt we define g,G g K[i + Xx] by G(i+Xx) = F(j+Xx2kfl) and

8(i+\X)= f(i + xx2k;1). Therefore

8(l + xx2)       h2(l + xx)       h2(-,^x)

G(i+lx2)      H2(i + Xx)      H2(-,,xx)'
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If e = h(l + xx)/h(-i+xx), then h2(l + xx) = e2h2(-, + xx) and H2(, + Xx) =

e2H2(-l + xx). Since h, H are relatively prime, we have e g K. Let n > 0 be the

smallest integer with coefficient cn of the polynomial h different from 0. From

h(j + xx) = eh(-i+xx) and e g K we conclude cn(,+1x)n = ec„(-/+1jc)". Therefore

e = ( —1)". We may write h(l + 1x) = (l + 1x)"h'(l + xx) with h' inhomogeneous.

Therefore i + xx"h'(l+xx) = ¡+xx"h'( — i+lx) and h' is even.

In the same way we can find m g co such that Hii + Xx)= (i+xx)mH'(: + xx2).

From /i(, + )x) = (l+xx")h'(i+1x2) and /i, // relatively prime, we derive n = 0 or

m = 0. By assumption h/H is inhomogeneous, which implies n = m = 0. This and

, + xx2 g A(,.x) show that u = v2 = (h'(i + xx2)/H'(i+xx2))2 is a square in AT,*).

D

In order to cover the case char A" = 2, we must derive a similar result in this case.

Lemma 4.1*. Let A be a field of characteristic 2. Then P = K(¡x: i g co) denotes

the extension of A, where x = Qx is transcendental over K and n + xx3 = „x kn for some

kn G A. Ifu G A(,oc) and u = v}, then the following holds.

(a) t>e A(, + 1x).

(b) If also u = g/G with inhomogeneous polynomials g, G G K[¡x], then u G K(¡x).

Proof. Consider K a K and the Galois field GF(4) ç K of 4 elements. Recall

that GF(4) = {0,1, e, /} with equations

(i) e3 = /3 = 1, e + / = 1, e = /-1.

We will also use the trivial equations

(ii) If a, b, c g A, then a2 + b2 = (a + b)2 and (a 4- 6 + c)3 = a3 4- a2(b + c)

+ b3 + b2(a + c) + c3 4- c2(a + b).

Yet u g A(;jt) and /' be minimal. We may assume u € A, hence / > 0. Let t be

minimal  > 0 such that

(iii) v G A(, + 1x),

and suppose t > 2 for contradiction. The element t> can be expressed as v = a¡+lx2

4- bi+tx + c with coefficients a,b,c g ä"(/_1_,_1jc). Since r is minimal, also

(iv) ab * 0.

An easy calculation, using (ii), shows

(v)

v2 =, + ,x2(a2bi + l_xxkl + ,_x + b2c + c2a)

+ i+tx{a2ci+l_xxki+t_x + b2aj+l_xxkl + l_x + c2b)

+ (a3,+i-i*2fc,2+,-i + b\+l_xxkl + i_x + c3).

Since v3 = w G A(,x) and t > 2, we get from (v) and char A = 2,

(vi)

«2¿>, + , -i**, + ,-i = b2c + c2a,    (a2c + b2a) j + l_xx ki+l_x = c2b.

Case 1. Suppose a # 0 # è, c # 0. Hence c2/3 * 0 and also a2c + b2a * 0 by (vi).

Equations (vi) lead to

c2b/(a2c + b2a) = (b2c + c2a)/a2b.
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Using char A = 2, we derive a2b2c2 = bAac 4- c3a3, hence b4 + b2ac 4- a2c2 = 0. If

d = b2, we apply (i) and derive d2 + dac + arc2 = (d - eac)(d - fac) in A", recall

GF(4) ç R. Without any restriction choose (a" =) eac = b2.

The first equation (vi) can be written

i+,-Xxkl+l_x
b3 lb'1

'l      a3e(e+l)      U,

Since a, b g K(j+t_xx), we can find polynomials g, G g K[i+I_xx] such that

xk   =m2-Í + t-lXKÍ+t-l I    Q   I     '

hence j + l_xxkl + t_xG3 = g3. If deg denotes the degree of these polynomials, then

14-3- deg(G) = 3deg(g) which is impossible.

Therefore we are in

Case 2. a • b ■ c = 0.

Suppose c = 0, then ab = 0 from the first equation of (vi), which contradicts (iv).

Therefore c ¥= 0 and either a = 0 or b = 0 in this case. In case a = 0, also b + 0 by

(iv). From the second equation (vi) we have c2b = 0, hence c = 0or/3 = 0isa

contradiction. If b = 0, then a ¥= 0 by (iv) and a2c = 0 from the second equation of

(vi). Therefore a = 0orc = 0isa contradiction and (4.1* )(a) is shown.

(b) Let u = g/G with g,G G A[,jc] inhomogeneous and relatively prime. If

u = v3, then v = h/H with h, H g K[i + Xx] from (a). We may assume that h, H are

relatively prime as well. Using i+1x3 = ,xk¡, we define g',G' g K[i + xx] by g'(, + i*)

= G(i+Xx3kfl) and G'(i+Xx) = G(i + Xx3k~l). Hence u = v3 can be written as

_ 8'(, + ix)      8'(f,+ ix)       h(i+xx)3       h(fl+xxf

G'(i+lx)      G'(fi+1x)      H(¡+1x)3     H(fi+Xxf

where/3 = 1 from (i).

If d = hii+1x)/hii+xxf), then

H(, + xxf = d3Hii+lxff    and    hii+xxf = d3hil + xxff.

Since  h,   H  are relatively prime, we have  d g A and  df"=l  for /7(/+1x) =

(,+i*)"A'(1+1x) and  /V  inhomogeneous. Therefore h'(¡+xx) = h'(i + xxf) and  /V

depends on i+xx3 only. Since //, h are relatively prime, we have m = n = 0 and

since i+xx3 g K(¡x) also « = (h'/H')3 with /V///' g A(,oc) as desired.    D

Recall that z = 2 if char A * 2 and z = 3 if char A = 2.

Recognition Lemma 4.2. Let K be a field and choose X = {0xg: g g G} a set of

independent, commuting variables and root chains ¡x   G K(x) (i G co) such that

,+ xxg = ¡xgkig    for some k,g G A.

The field P = ¡7(txg: i g co; g g G) has the following properties:

(a) // y g P is z*-high over A, //ze« ive ca« vvn'ie _y = ïlj=1 ¡*xg\j)k with r distinct

elements gj G G, /c G A, y* > 0, s(/) G Z ands(j) G zZ z/y* > 0.
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(b) If y =0y g P and i + xyz = ,y f¡ for some f¡ g A, then wecanfindr ^ 1, /3; g A

(/ G co), andj0 > 0, g. G G, s(j) G Z\zZ /or7 < r, such that i0 = max/5,r70 and

r

bUi = brfY\K-):i    foralli>i0,
y-i

w/zere ;v> = FI}=1, x'ilJ)bi from (a).

Proof. By definition of the sequence ¡x  we have

Kg i+iXg =¡xg e K(, + ixg- 8^G)

and therefore ^(,xg: g g G) ç K(i+Xxg: g g G) is an ascending chain of fields

such that P = U,eu A(,xg: g g G). We will show (a) by induction.

(a) Since y g P\ A, we find a minimal i g co such that y g K(lxg: g g G). By

minimality there must be at least one h G G such that ,xA appears in the representa-

tion of v as a quotient of polynomials in K[¡x : g g G]. Extracting the homoge-

neous part we may write

(*) y = j A

with s g Z and relatively prime polynomials /, F g A~[,.xg: g g G] which are

inhomogeneous with respect to the variable ¡xh. If AA = K[¡xg: g g G\ {/z}], then

we claim

(**) f,F^Kh.

Consider /, F as polynomials in ¡xh, i.e. /, F g Aa'[,xa] where A/ is the quotient

field of Kh. In this setting we have to show that /, F are constant. Since y is z*-high

over A, we find kt G A (t g co) and relatively prime polynomials

/„F,e *[„*,: »e«, g eG]

with >■ = (//F,)--' • kt.

Using (*), we derive

fFf ¡xsh = ff ■ F ■ k,    for all z g co.

From Lemmas 4.1(b) and (4.1*)(b), respectively, we see that /„ F, g Kk[¡xh]. Let q

be a prime divisor of / G AA'[,jcA]. Then q\ff'Fkt and since /, F are relatively prime,

also q\ff. Therefore q\ft and qz'\fFtz' ¡xsh. Since /,, F, are relatively prime, also

qz'\f¡xsh, and because / is inhomogeneous qz'\f. However, /e Kh[¡xh] has finite

degree and q G ATA'[(.xA] must be a constant, i.e. q G KL We conclude /e Kh and

the same argument shows F e Kh and (**). There are only finitely many elements

¡xh involved in the representation of y at "level" K[¡xg: g g G]. Therefore the first

half of (a) follows by induction. If z > 0 in (*), then s £ zZ by minimality of i and

ixl = i-\xiM,-i\h- Therefore s(j) <£ zZ if 7* > 0 in (a). Similarly elements j*xsgU)

with the same g ■ can be collected into one element, and (a) follows.

(b) Since ¡y is z*-high, from (a) we have

„v = n ,*$%
7=1
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for some o, G A and s(ij) ^ Omod z if i, > 0. Using i + xyz = ¡yf: and ¡+xxg = ¡xgkig

we compute, for (/ + !)•> 0,

,.- _      T s(i+U). , xsG + lf,
, + i/ ll(i + i),xg,       u, + i   u + DAgj

_ T~f Z5(i+U)uz       . zj(Z + l/)
1 l(i+l),-^g, °i + l    (i+l),Xg,
I* j

_ T~r :s(i + lt)hz       . yj(/ + 17)jli(/+17)
ll(i + l),-*g, °/+l    (! + l).-i-*g, "•(' + 1),-1«/
t+j

=,yfi-t\,xlwb,fl.
1= 1

Therefore

(*)

and

nZS(i+ll)LZ .    I. S(i+lj) i(
.I'+D, 7?, °/+l K(l+l),'g;     (l+l^-^g,

1+1/)

fy

= n,,<"V/     if(i + l)y>0
1=1

(**) n„+1y,<'+I%i -o<'+ly>= Utxf'gifi    if O + 1)./ = 0.
r#/ r=i

From (*) and our representation of ¡j we derive

( 4- ) If (z 4- \)j > 0, then (i 4- 1) ,■ - 1 = zy and s(i 4- lj) = s(ij).

From (**) we have

( 4- + ) If (z 4- 1), = 0, then iy = 0 and zs(i 4- lj) = s(ij).

From ( 4- ) and ( 4- 4- ) we see that it is impossible to have z = 0 for infinitely many

z g co. Hence

( 4- 4- 4- ) there exists j0 g co such that i, > 0 for all z > f0.

A trivial induction and (4-) imply L = i — j0 for all i > j0. Choose s(j) = sij0, j)

= s(i, j) which is independent of i ^ j0 by (4-). Therefore (4.2)(b) follows im-

mediately.    D

We will also use the following well-known

Observation 4.3. If A is a field, t g co and f(x) = 1 - xz' g K[x], then f(x) is

z-power-free in K[x].

Remark. Compare the Abel-Capelli-Redei-Theorem in Schinzel [30, p. 91, Theo-

rem 21] characterizing irreducible polynomials x" - a.

Proof. Let /= Li<naix' g K[x] and f = Ei<nia'7l be its derivative. Then

(fg)' = fg + g'f f°r any /, 8 G K[x]- Suppose / is not z-power-free, then / = qzg

for some g, q e A[x] with degree deg(a) Ss 1. Then

/' = (qzs)' = (r)'g + g'v = zq:~lq'g + g'r = q(zq~~~2q'g + s'q:~1)-
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If f'¥=0, then a is a common divisor of / and /'. On the other hand, if

/= 1 - x:\ then /' = z'x2''1 and (4.3) holds trivially for / = 0. Therefore t > 1

and /' ¥= 0. In this case /= 1 - xz' and /' = z'xz'~l are relatively prime, a

contradiction. Hence (4.3) holds.

Lemma 4.4. Let K be a field and P be the extension field P = K(ix: i e co) with

i+xxz =jXkj forsomekj G A*. If t g Z\zZ and 1 + b g K, then

f=(b-ix<)(l-ix>)

is not a z-power in P.

Proof. We distinguish two cases t > 0 and t < 0 and suppose / = vz in P for

contradiction.

If t > 0, then f = f(,x) is an inhomogeneous polynomial. From (4.1)(b) and

(4.1*)(b), respectively, we find relatively prime polynomials g(,x), G(¡x) G K[¡x]

such that / = (g/G)z; hence

(*) Gz(,x)(b-,x')(l-ix') = gz(lx).

If q is a prime divisor of (1 -¡x'), then q\gz and qz\gz as well. Hence

qz\Gz{b-lX>)(l-,x<)

and since g, G are relatively prime, qz\(b — ¡x')(l — ¡x'). Because a|(l — ¡x') and

(b —¡x'), (1 — ¡x') are relatively prime, also qz\(l -¡x'). Hence the degree

deg(l —¡x') = t must be a multiple of z which contradicts t g Z\zZ. If í < 0,

then (*) can be replaced by

(**) GV)(¿ -,*-')(! -,*"') = U(/*) ■**"')*
which is again an equation in A[,jc]. The same argument leads to — t g zZ, which is

a contradiction.

Using our notion (2.5) of supports, the convention (3.0) and (3.2), we have

Lemma 4.5. Let R = R(K,G) be the field constructed in (3.2). // ak g A X k,

define

Kk= {Xak/-8^G},    Xa= [xakg: kf=K, gGG}

and similarly

Xak = X\Xak<    Y"k= {>veA*, gGG, k* [ep] = lmeu,[y„] n Xa= 0).

If 0 * a g Fak = K(Xak U Yak) and gGG, then a(\ - xakg) is not a z"th power

in R.

Proof. If Kak = K(Xak), then either a g Kak or a g Fak \ Kak. In the first case,

let v(a) = 0, and in the second case there is a v = v(a) g A*, not a limit ordinal,

such that a G Rv\Rv_x. Suppose (4.5) does not hold and consider the least

criminal v(a) for some a G F*k.

If z>(a) = 0, then a G K*k and a(l - xakg) = bz (b G R) is a z-power in R for

some gGG. Clearly b must be in Kak(xakg). Since 1 - xakg is a polynomial of

degree 1 in Kak[xak], and b = f/F with relatively prime polynomials /, F g

Ka[xakg], we have an equation aFTl - xaxg) = /* which is impossible by degrees.
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Therefore v = v(a)> 0 and yv g Y. The element a can be expressed as a =

(f/F)¡y* for some s g Z, and inhomogeneous, relatively prime polynomials / =

f(¡y„K\ F = F(iy,g); compare (3.2)(I„). Since a(l - xakg) is a z-power, z G (2,3},

we can apply (4.10(b) respectively (4.1*)(b) to find polynomials h, H g Rr[¡ypg]

with

û(1 - *«*,) = 7= ̂i(l - *«*g) = (77) •

From (3.2), (I„)(b), we derive

w |(i-o = (f)Wr
for some new polynomials h'. H' G rvjjj.

Now we substitute ¡yr = 0, and if a' = (f(0)/F(0))(m"g)s (/, F are inhomoge-

neous!), then the last equation (*) turns into

a'(l-xaxg) = (h'i0)/H'i0)):.

Since via') < via) = v and a' g Fak as well, the last equation contradicts the

minimality of v.    D

In order to prescribe not only automorphisms but also the endomorphism monoid

of a field we need the following Lemma 4.6. Our original proof was based on

algebraic geometry using the fact that Fix, y) = fix) + yg(x) as below defines an

algebraic curve, cf. R. Hartshorne [21, p. 300, Proposition 2.2], W. Fulton [16, p.

63ff.]. Then we can argue with M. Deuring [3, p. 11, Theorem] counting prime

divisors of extension fields which are ramified or inseparable. We conclude that E

(below) is finite. However, we can also give a direct and simpler proof.

We would like to thank our colleagues J. Herzog and H. Stichtenoth for a very

helpful discussion which lead to the earlier above indicated proof of (4.6).

Lemma 4.6. Let K be a field of characteristic p > 0, and z any integer > 1 such that

p does not divide z. Iff, g g K[x] are relatively prime and not both in A, then

E = {k G A: / + kg = hz for some h = hk g K[x])

is a finite set.

Proof. If /, g are relatively prime in K[x], then fa 4- gb = 1 for some a, b g

K[x] and /, g are also relatively prime over the algebraic closure of A. Passing to

the algebraic closure of A, the set E might increase. Hence, we may assume

(i) A is algebraically closed.

If / g A is a constant, then g £ K by hypothesis. In this case, consider E' which is

defined as E but permuting / and g. Then (i) and k(g 4- k~lf) = f + kg = hzk

imply 0 =£ k G E if and only if k~l g E'. Hence we may assume that

(ii) / £ A is not constant.

Moreover, we may assume that

(iii) g e a.
If g g A, then E is certainly finite.
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Let n ^ 0 be maximal with q = p" and /, g g K[xq]. Then / 4- kg e A^*] for any

/c g £. Since a = p" is a Frobenius automorphism on A by (i), we find F g K[x]

with F'1 = f + kg and let /*, g* and A* be the preimages of /, g and k

respectively. We derive Fq = (/* + k*g*)q. If t is a prime divisor of hz = f + kg

= F7 then t\F and .^F" = /r. If « = r"7z* and (t, h*) = 1 are relatively prime,

then (F/t)'1 = h*tmz~q and induction shows mz = sq for some 5 g N. Since q = p"

and p 1 z, also w* = m/q g N. We conclude h = (tm*)qh* and induction on the

prime components shows h = Hq for some H G K[x]. We conclude Hz = F = f*

4- A*g*. If F* is as E using /*, g* instead, then we have found a bijection

A- -* k* between F and E*. The polynomials /*, g* have the additional property

that not both are in A[x/'] by maximality of n. We may assume

(iv) /<£ K[x"]and f + kg £ K[x"].

If /' denotes the derivative of /, then (iv) implies /' =£ 0 and /' + kg' + 0. We

have to show / 4- Ag( A g A ) has only finitely many roots. Let y be a root of

f + kg = hz = h\ for some A g A. Then hz(y) = 0 is a multiple root and y is a

root of the polynomial /' 4- A'g'. If D(x) = f'(x)g(x) - g'(x)f(x) is the determi-

nant of this system, then D(y) = 0.

We now distinguish cases.

Case 1. If D(x) = 0 for all x, then fg = fg' and /' + 0 implies g \ fg'. Since /, g

are relatively prime, also g | g' and g must be constant. This contradicts (iii).

Case 2. If Case 1 does not hold, then D(x) is a polynomial + 0, which has only

finitely many x g A with D(x) = 0. Since D(y) = 0, also /'(y)g(y) =f(y)g'(y)

and (/+ kg)(y) = 0 implies f'(y)g(y) = -kg(y)g'(y). If giy) = 0, then fiy) =

0 and /, g are not relatively prime, which was excluded. Hence g( y) =£ 0 and from

the last equation we have A = -fiy) ■ g(yfx for only finitely many y g K with

Z>(_p) = 0. Hence E must be finite.

5. The field R( A,G) is G-rigid. In this section we want to show that R = R(K,G)

satisfies

Theorem 5.0. End R = <S>p X G.

Observe that the theorem and the corollary in §1 follow immediately from §3 and

(5.0). If G is infinite and r g R\ A, then [r] is finite nonempty and we can find

gGG such that [r]g <g [r]. Hence rg ¥= r and r £ RG, the fix field of R under the

action of G. Since A ç RG by (2.3), we derive A = RG.

In order to complete the proof, we consider a fixed homomorphism <f> g End R

and will derive <J> G $p X G at the end of this section. Replacing K by an

intermediate field A' ç R of size < k if necessary, we can find

(*) infinitely many elements wn g A with wn§ g A and n>0 = 0.

If x g X, then r<í>g A([x^]) for all w e A" with [w<i>] = [jt<j)]. Since |A([jt<i>])| ^ «

< A = |.Y|, by a puigeonhole argument we can find a subset X' <z X such that

\X'\ = A and [jc<í>] =£ [w<f>] for all x ¥= h» g A". Because <J> is injective [A"<i>] has A

many elements and [X'<¡>] = [X'<¡>]x Ù[X'<p]y leads to two cases: Either |[A"<f>]-Y| = A

or |[ A"<i>]Aj < A. and in the second case we must have |[A"<i>],| = A.
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If [A"<í>]v has A many elements, then we recall k < X and can choose sequences

x¡ g X' and x'¡ g X (i G co) such that

/-i

(a) x'j g [x,<í>]A of maximal norm with x\ g   [J [x/p],

(5.1) 7=0

(b) x\ = xaßgi with a, < a,+ 1 e X, ß e k, g,, e G (i e w)

If |[ A"<f>] '| = A, similarly we can choose x, e A" and „ j1, e A with

(5.1)(a') ,;,eM'   and    ^ í (J [*>*]■

In case (5.1)(a)(b) let F'' = A(Ar\{x,'}, T) çF be the algebraic closure. We use (*)

and suppose, for some fixed z,

ix¡ + wn)<p = c„ is a z-power in F'(xj) for all n G co.

Then cn=fz/gz with /„, g„ e F'Lx,'] relatively prime. Since w0 = 0, we have

c0 + M» = c„, hence /¿/gô 4- w> = /;/g,; and g¿(/02 4- w„<i>gô) = fzgz0 follow.

An easy prime divisor argument shows g¿ = g^e for some unit e g F'. The last

equation turns into /0; 4- (w„<í>)g¿ =/„re and /0Z 4- (w„<i>)g5 is a z-power in F'[x']

for all « g co. Since w„(i> g A" by (*), we derive a contradiction from Lemma 4.6.

We have found a sequence x¡ + w„ = a¡ such that (5.1)(a), (b) hold and

(5.1)(c)       ai<P is not a z-power in F'(x-) with F' = a( X\{x,'}, y).

A similar argument in case (5.1)(a') leads to a sequence a, = x: + wn such that

(5.1)(a') holds and

(5.1 )(c')     a$ is not a z-power in F'(„ y,) with F'' = K(X,Y\{y¡}).

We will fix this sequence {a,: z: e co} = A.

By the Black Box (2.10) there exists an ordinal a g A* such that the following

conditions are satisfied.

(5.1)(d) AQPa    and    <¡> { P* = <i>„ [ R

f<,u , UII- \\M\ < Il /J!    and
(5.1)(e)

IM II - Il M II < II /«o* I!    if TQ is a large trap.

Now we want to show

Lemma 5.2. Any ordinal a g A* which satisfies (5.1) is not useless.

Remark. We will find a, g Ra (i g co) with the following property of the weak

case (§3).

If the choice of m" implies (II„ + 1) for/3 g Sa then either
(*)

m" or the new choice maial in place of m" implies (IIIa + 1).

Proof. If a is useless, then any choice m" g Ra and any ¡y as in (I0+i)(IVa + 1)

will violate (III„+1) or (IIa + 1) for Sa + X = Sa. First we want to get hold of (III„+ j)

only. Suppose that our first choice m" g Ra and ¡y    implies ¡y^ g Ra for some
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extension <f>'a: P*(¡ya: i g co) -> P*(¡ya: i g co) of <¡>a \ R and all i > n. Therefore

(a) (i+iya)'i>'tt = {iya)jL(K)<t>a,     Jileí,

Next we try m"a¡ with a, G Ra n Pa* from (5.1). To be definite, we deal with case

(5.1 )(a); the case (5.1)(a') is similar. Let ¡y' (z g co, g g G) be the new choice of

elements defining

«; + i = ««(X,:'eco, gGG).

From (Ia + 1) we have ¡+xy'a: =iy'amfai. Suppose we are unlucky again, hence there

exists another extension <jt'¿ of <j>a ( R with ¡y'J>'7 g Ra for almost all i g co, say for

all i ,> n. We derive

(b) ( i+xy'a)€Z = dy«)€ '(<4>n)(a,<t>a)    where ,y&' g Ra (, > n).

If fr/ = (,y«)<t>ä/(,ya)<P'a, dividing (b) and (a) leads to

b;+l = b¡ia¡<t>a)    and    ft,. g Ra       forallz'^zt.

If c¡ = a:4>a, then /3;+1 = b¡c¡ and induction shows

/-i

(c) bz'+l = b„- fl <£„■
m = 0

Let [/>„]' = {>y z < i} and Yl < y2 <  ■■■  < yr

Since ß g k is fixed in (5.1)(b) and ey : co -> k is an injection, by (Iy ) there exists

n' > zz such that x'„ «„ Í f.x„„ ..: z g co, /'«£/} for all z > «'.
aíPgí      ^   iiefji J        '

We distinguish three cases a = ||(a,-: z > «'}|| > ||/yJ|, a < ||/ || and a = \\fy\\.

In the first case we find some n" ^ n' with a¡ > \\f \\ for all i > n". We derive

b„ g F' with F' defined in (5.1)(c). Similarly Cj g F' for all j < i from (5.1)(a). If

i = n + j — 1 then (c) implies that c;' is zJth power of an element in F'(x');

hence c, is a z-power in F'(x-), which contradicts (5.1)(c).

In the second case (a < \\f \\) we have bn g R j\R and c, g Rß for some

ß < y, and almost all i e co. Hence c¡ g Ay for all z> «' and some n', and we may

let n' = n. From ¿>;+] = b¡c¡ (i > zz) and Definition 3.1(a) we see that bn is z*-high

in Ry+1 over Ry. From Lemma 4.2(b) we find elements J, g R +1 and M¡ a

product of elements mf such that

(d) d2'+J = b„Mj.

If qt = A^n^pc~^*™L, then 1 * ay g Py by supports of c, and My; cf. (5.1)(e).

Dividing (d) by (c) we have qj = (d„+//bn+/)z'. By z-purity a; # 1 is a z'-power in

Ry . This contradicts the choice of qt in Ry.

Finally let a = ||/ ||. Since ||{ay/: z e co}|| < ||/a||, there exists n' > n such that

x'j £ Uyeu[/Mj'] for all z > zz' and the argument as in the first case leads to a

contradiction.

From this contradiction we derive the following:

(i) There exists a sequence aai g Ra n P* with the following property. If m" is

chosen after (IJ and (IIIa+1) fails, then w"aa; and appropriate ¡yag will satisfy

(ina+iM.e.

¡Yag^'a ^ Ra    f°r an ' e w ar*d all extensions ^ 2 <í>a Í A.
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Next we want to take care of (IIa + 1) for Sa+X = Sa, i.e.

(ii) There exist m" g Aa n P* (i g co) and ¡yag(i g co, g g G) such that for any

ß g Sa and any extension 4>'ßZ> 4>ß\ Ra+X there are numbers i(a + 1, ß) such that

„>'/i^ ^ *« + i = Ä.(^«,: ' e co, g g G)    for ail z > i(o + l,ß).

First we concentrate on a //jcea" ordinal ß g Sa and consider tj>^: Pß*(iyß: i e co)

-> F some extension of ^ Í R0. Since ß is strong, we have by the induction

hypothesis

(iii) i^íü,    forall/>i(a,ß).

Choose the sequence aa, G Ra by (i), choose any fixed increasing sequence ea:

co —> k after (Ia+1) and pick a parameter /3a which will be corrected later. Hence mf

is determined by the Black Box (2.10) and we find ¡ya which satisfy (Ia + 1) and

(IIIn+ [). Suppose we are unlucky and there exists z0 G co such that (ii) does not hold

for some <^; hence

¡y& e *«+i = Ra(,yag- / g co, g g G)    for all i > z0.

Clearly mf g P^* n A^ by (I^íb) and also mf$ß = m?<t>ß g Rß. If (.yß$ß g Ra, from

{i+1yß •iV'/í1)^ = «fo G Rß £ R«

we derive (i+x yß<j>'ß )z g A a. Since R a is z-pure in A, also , +, yß<f>'ß g A a.

Induction shows ¡ydta G Aa for almost all i g co. This contradicts (iii) and we

derive

(iv) ,yß4>'ß^Ra + i\Ra    for all z>z0,

which is z*-high in Aa + 1 over Aa.

Hence we can apply Lemma 4.2(b) and find elements

(v) r>l,    ¿>,eRa,    g,GG,    j0>0,    í(7')gZ\zZ    for j< r

and if ix = max( j0, z0, j < r}, then

(vi) b;+x = b,{m%) Ó («7-VoJ"1       for a11 »' > 'i-
7 = 1

We now distinguish cases, either ß 4- kn" > a or ß 4- kn" < a. In the first case we

want to trade ¡ya into a better element such that "ß becomes strong at level a + 1",

i.e. ,yß4>'ß £ Ra+X for all extensions §'ß of <f>^ f Aa. In the second case we will derive

strongness at level a 4- 1 by our choice of the Black Box: In this case the branch at

ß is far away from a.

Case 1. Let ß < a be such that ß 4- kn" > a. Let us choose another sequence e'a:

co —> k with Im(i>^) n Im(ea) finite. The elements aa, remain the same such that (i)

holds for ¡y'a and m\a as in (Ia) with the new elements. Therefore, from (Ia)(b)

(+1 y',/ = ¡y'jn'f, and suppose that we are still unlucky for ß. The same arguments

lead to the elements

(v')      r' > 1, b\ G Ra, g'j G G, 7,; > 0, s'(j) g Z\zZfor7 < r', i[ G co,
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such that for i2 = max(zi, i'x, j¿: j < r'} the following holds:

(vi') b'z+x = b'Xm%ß) Ó (mT.My        for all i > i2.

If B¡ = hl/b\ (i ^ z2), then we derive from (vi) and (vi') the new equations

(vii) BZ+X=B,U K,„g,r(/) ñ (<-jit,Y'''   for all i > i2.
7=1 7=1

We will show the existence of z3 > z2 such that

(a)     *„„«[*,,]*    [compare (2.5) and (IVa +0(b)],

(viii)     (b)     *«/« « r(/v)    for a11 J>, e W '    [compare (2.5), (3.5)],

(c)     *«w« « U [«{*] *>    for all « > ¿3 and all g G G.
/eu

Requirement (viii)(c) can be arranged because Imea n Imea is finite and xaei g

\.yag] *• There are only finitely many yx,...,yk<X* such that [B¡]y = { >» ,..., y }.

Since Bh G Ro, also y, < a. Therefore Im/a n Im/ is finite by the Black Box

2.10(ii) and we can choose z3 large enough such that (viii)(b) holds. Finally Bj G Ra

and ||[R,J v|| < ||/a||, hence (viii)(a) can be arranged easily. Using the explicite form

of m" in (Ia)(b)(i) or (ii), respectively, an induction on (vii) leads to the equations

"' z>

"¡l + m+1  = "ij ' "m 1 1 [I   ~ Xae{m-jü)gl)     '
7=1

By our last observation (viii), [Hm] and [R, ] do not contain xae(m_u)g for

m > z3 4- /j, 7 < r. If F' = F„e(i +/ _,• ) as defined in Lemma 4.5, then the last

remark is equivalent to saying that Hm and Bu are both elements in the field Fj. If

cr = jB^Hm ' men cr G ^r and the last equation turns into cr(l — xae(h + ii_ro)g)

= Bf +i +¡ + , which is a z-power in Fae{l +i _r y This contradicts Lemma 4.5, i.e. we

cannot be unlucky twice at ß.

Let e" (v G «"") be a set of pairwise almost disjsoint maps e": u —► k (which

certainly exist). If we cannot finish Case 1 with these e" (v G «*"), then for each

v g k*" there exists an ordinal ß(v) such that ß(v) < a < ß(v) 4- k*0 where ß(v) is

strong, but ^„^ g Ra + 1 for some <f£ = 4>'ß(vj where

R'.+i-Ä.U:f6«.«eC)

and ¡v»* is constructed as in (IJ with the help of e" in place of ea. Since ß(v)

assumes fewer than kk° values, there must be a ß which is the image ß = ß(»i) =

ß(v') of two different v =7 v' g kx°. Hence we are unlucky twice at this ß, which

was just ruled out. Therefore we can find v g «*" and ea = e" such that

,yß<p'ß <£ Ra + X for all extensions <f£ d ^ f Ra, almost all

z g co and all ß g 5q with ß 4- ks" > «.

Therefore we fix this ea (and aQ/) and consider the

Case 2. ß < a such that ß + «*" < a.
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We want to show

If ß < a is strong, then , j^ S Ra + i f°r all extensions
(x)

<¡>r 2 $ß í ^ « and f°r almost all z g co.

We fix such ordinal ß and argue as in (viii) but using (vi). We can find z2 > ix such

that

(a)     xaeig€ [bh\\

(») (b)    x„„er(/y)    for all >V g [*>.]',

(c)   *«/ge lj Kfy»]*-
ye w

In this case only (c) needs explanation. Recall mfty g P^* and ||w^|| < \\fß\\ < ||/J|

by the Black Box 2.10(i) and (2.7). From ß 4- kS|> < a and (2.10)(iii) we derive

(xi)(c).

As in Case 1, an induction on (vi) leads to

(XU) ^, + m + l = bhhm El (l  - ■*«<■< ,n-7o)g;)     ■
7 = 1

By observation (xi), [/iJ1 and [b¡y do not contain xae{m_Jo)g for m > z2 4- (v

f<r.
,m_ r

If c», = 'yjb,hm, then cm= Yl[l - xae(m_yo)J is a z-power.
7 = 1

Again, Lemma 4.5 leads to a contradiction. We conclude (x) and (5.2) is shown.   D

We have the immediate

Corollary 5.3. An ordinal a < X* which satisfies (5.1) is strong or weak according

as ¡ya^>a lies outside or in R for some extension 4>'a D <f>a f R and for almost all z g co,

respectively.

Lemma 5.4. Let A be a field with endomorphism <z> such that a$> g {a, a~1} for all

a g AT. Then (¡> = id.

Proof. Since Im<i> c A is a subfield and a<f> = a, respectively a§ = a-1, we must

have a g Imcf) for all a g A. Therefore lm<t> = K and <f> is an automorphism.

Suppose that we found a G A" such that a<f> = a-1. Therefore (l4-a)<#>=l4-

a-x g {(1 + a), (1 + a)"1}. If 1 4- a"1 = 1 + a, then a2 = 1. If (1 4- a"1) =

(1 4- a)'1, then 1 = (1 4- a_1)(l + a) and a2 + a + 1 = 0. Hence a2 = 1 or a2 4-

a 4- 1 = 0 which leaves at most 4 possibilities for such elements a. Hence

[A: Fix A] = r is finite and | A" \ Fix A | < 3

for the field Fix A of all invariant elements of <£>. We derive

(r- l)|FixA"| = |A:\FixA|< 3

and r must be 1 or 2. If r = 1, then A" = Fix A and (5.4) follows. If r = 2, then

[Fix AI = |A~\ Fix AI < 3 and again K = Fix A implies (5.4). If Char( A) > 0, we

need a more general result.

Recall our notion ex(p') g <bp of Frobenius homomorphisms from §3.
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Lemma 5.5. Let R = R(K,G) be the field constructed in (3.2). // <j> G End A such

that the following holds:

For alla G A there exist e(a) G (1, -1}, g(a) G G, /(a) G Z with

a<p = aHa)g(a)ex(p,(a)),

then <f> g G X ®p.

Proof. We want to find t g Z, g e G such that

(i) <í>r x = g-ex(p')r x.

If je, v g X are different, and e(x) = e, t(x) = t, g(x) = g from (*), then we have

to show

(ii)                               e = e(.v),    t = t(y)    and    g = g( y).

From (*) we derive

(iii) Xf"'s + y*WPny)sW =(x+ y)«*+y)P.,*<-+.v))

and we distinguish four cases. The first one leads to (ii) and the others lead to

contradictions.

Case 1. Let e(x + y) = 1 and t' = t = t(x + y) ^ 0.

From (iii) we have

(xg)'"' +(y8(y)V(V)P"" = (xg(x+y)y'' +(yg(x + y))"' .

Recall the action of G on X; hence

(xg)'"'= (xg(x + y))"',      (yg(y)ry)p"" = (yg(x+y))p'

and g = g(x + y), g(x + y) = g(y), ep' = p' = e(y)pl(y) by independence of the

variables. Therefore g = g(y) and e = e(y), t = t(y) and (ii) is shown in this case.

Case 2. Yet e(x + y) = 1 and t(x + y) < 0, hence t' = -t(x + y) > 0 and (iii)

implies

jcgU + v) + vg(x + v) = (x + j)g(x +y) = [(x+y)«'*»«'*»' "]"''

= [(x+yHV = ix*)"' +(y4>)p'' = xg^+,'+yg(yyMp'i,)+''.

Hence g = g(x + y) = g(y), e = e(y) = 1 and t = -t' < 0. Therefore x<$> = xgp'
- l Pi—

g A and since t < — 1, also ixg)p    = vx G A which is impossible.

Case 3. Let e(x + y)= -1 and t' = t(x + y) > 0.

Then we have from (iii),

(iv)        (x + y)-^^"' = (x + y)<¡> = x<¡>+y<¡> = xg<"' + yg(yY(y)p'"

and also

ix+yylx+r)p'\xg^ + ygiyyM'<f,) = l.
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Substitute y = 0 to get

xg(x + yy ''.(xg)"' = i,

hence

xg(x + y)p = xg-tp'

and g(x + y) = g, p' = —ep' and e = — 1, t = t'.

Similarly, substitute x = 0 to get g(x + y) = g(y), £(y) = — 1, t'-t(y). Together

we have g = g(jc + y) = g( v), r = r( _y), e = e( _y) = — 1, and (iv) turns into

(x +^)~/'' = jc-'' + J-''.

The last equation is equivalent to

x2p' + xp'yp' + y2p' = 0;

however, y is transcendental over A(x), a contradiction.

Case 4. If e(x + y) = -1, and r(je 4- >>) < 0, then let t' = -t(x + y)> 0 and

argue as in the last case for a contradiction.

Hence (i) follows, and finally we show

(v) <J> T R = g • ex(p'),    i.e.    ac¡> = agp'    forallaGA.

Let a G R and choose any variable x g X algebraically independent from ag(a)

and ag(xa) (which certainly exists). From (i) and (*) we have

ixgy'iag(a)yia)pM = (**)(**) = (xa)* = ((xa)g(xa))E(")"',™>

= ixg(xa)y{xa)p'U"-(agixa)y^p,iXÜ)

and from our choice of x,

xgixay^"""" = (xg)"'    and    (ag(a))f<'',''',", = (ag(xa))f(^>"'<">.

The first equation implies g(xa) = g, e(xa)s = 1 and t(xa) = ;. Hence

(ag(a)r»)p"-" = (ag)"'

from the second equation, and (v) is shown.   D

From (3.3) we have <t>p X G ç End R. From (5.4) and (5.5) we have a

Corollary 5.6. // a g A* azzo" v<j>a g zj$p X G U v~l<S>  X G for all v e P* n A,

z/zezt 4»a r A g <bp x G r C-

Observe that it is easy for p = 0, to replace v<f>a g t)^ XGUf'$pXC by

v<f>a g {u, zj-1} in (5.6).

The following lemma is the major step in the proof of (5.0).

Lemma 5.7. Let a g A* be such that ta is a large trap t„ = (t,»)/6i<,. // <z>()„ f AQ z'i

not the restriction of a map in 0   X G, then a is a strong ordinal.
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Proof. Since t0 = (fa, Pa,<¡>a) is a large trap, we have a sequence ta = (T,,)/eu of

traps t,» = (/,.., P,.,<j>,.) (/* g A) satisfying (2.9). Suppose Ra has been constructed.

From Lemma 5.2 we know at least that a is not a useless ordinal. Hence we can find

¡ya (i g co) with

(i) iYa^'a Í R„ for any map <f>a extending <f> = <f>a f Ra and all i g co and

(ii) mf = aai(l - xaei), say aai = a,, xaej = z, from (Ia). In fact, the remark

after (5.2) holds as well. If ,ya<j>' <£ Ra + X for almost all i g co, and each extension <i>'

of <jj, then (5.7) holds. Hence we may assume

(iii) ¡ya<t> g Ra + 1 for all i g co, and some extension <j> of <?>. Therefore

(,+^zJ«"1)*' = <*' = «.0 - */)* G «« + i    by (IJ and (ii).

Since ||a,.(l - z,)|| < ll/JI, also
(iv) a,(l - z,)4 G Ra.

Using (i) and (iv), we see that ,yj> is z*-high over Ra. From Lemma 4.2(b) we

find r > 1, b¡ g Aa, 70 > 0, gy g G, s(/) g Z\zZ (/ < r) such that for z0 =

max{ 70, 7 < r} the following holds

(v)   bu, = 6,[fl,(i - z,)]* • n h-,„(i - *,_,„)]«7,ü) fora111 > 'o-
7-1

Now we want to find better elements ¡y'a (z G co) such that

(vi)    l + l.Va =,y>7   and    R'a+X = Ra(Xg- í e », g e (?)        [see (3.2)].

Our hypothesis that <i>0. \ A is not the restriction of a map from $  XC will allow

us to prove , va<f>' Í R'a+i for any extension $' d <}>a. From Corollary 5.6 and our

hypothesis (¡>a \ P*. n Aa = <f>0. \ Ra <£ $p X G, we find in this case

( 4- ) b g P* n Ra that /3<í> í ¿»g^ U b~lg<S>p for all gGG.

We choose this element b and see that the element m'" in (Ia)(b)(ii) hence ¡y'a, is

completely determined by arz¡ as in (ii), y¡ = jy. from the partial trap t,„ of the

large trap ra.

Suppose that the new elements are not good enough to prove strongness of a,

hence ,y'a g R'a + X \ Ra for all i g co. We now work for contradiction. Since m'f =

a ¡(I — zf)(b — jz,)(l - y,), the same argument as for (v) leads to elements r' > 1,

b'i e Ra< Jó > °> g'j G G, s'ij) g Z\zZ (7 < r') such that for z2 = max{7Ó, ix:

7 < r} the following holds:

(v')        b',\x = b:[a,(\ - z,)(b - y,)(l - y,)]$

■hWr^-^-r^-y^dW^    for all z>z2.
7 = 1

If B¡ = b'j/bj, then (v) and (v') give rise to equations

(viii)      B, + x = B\(b-yi)(l -y,)]*h [(b -*-,i)(l -^-/.)]«r''W)
7-1

/=] 7=1
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We want to simplify (viii) and derive first

(ix) r = r'; j0 = j¿, gj = g), s{j) = s'(j)    for all j < r.

Let j < r' be fixed and suppose g'j <£ {gx, ...,gr). Then we choose i g co large

enough such that z¡_j. , = xaei_j-ag. occurs only in the jc-supports of the elements

z¡ -gj or R, of the right-hand side of (viii). Collecting factors of (viii) into w¡,

equations (viii) can be written as

(viii') B;+ x = B, ■ w,(l - Zt.jjg'f™    and    zf_,,g. « [w,.].

Induction on (viii') leads to

(*) C = ^(i-vii+isW",

where z¡_j¡+m £ [//„,]*- If m is large enough, also z,_,<+m Í [R,]x and (*) leads to

a z-power

^„,+1 = (B,hJ/:'"{1 - z,_j;i+m)~s'U) such that s'(/) e zZ,

which contradicts Lemma 4.5. Therefore g'j g [gx,...,gr) and by induction, sym-

metry and new enumeration we conclude

r = r'    and    g • = g'       for all 7 ^ r.

Therefore (viii) turns into

B/v, -«,[(» ->,)(1 -*)]*• n [(» -ä-aXi-ä-ä)]«;''

(v,ii") i      M-.a<!

(7)
IVe' /"l — In / V A -J^' — In / I   6 /

7-1

s(7)

If 7 ^ r is fixed and j0 =7 j¿, we may assume without loss of generality that j¿ <j0,

which implies

(xi) i-Jo<i-J¿    for all z.

As before, but using (xi) instead, we can choose i large enough such that z,_y. =

xaei-j'„g occurs only in the supports of elements z¡_jkgj or Bj of the right-hand side

of (viii"). Again, (viii") can be written as

Bz+x=Biw,(l-z,__J,)g-^

for some w¡ with z¡_j,gj £ [w¡]x. As in case (x) we are lead to a contradiction, which

shows 70 = 70 for all 7 ^ r. Again, we can simplify (viii") and we derive

(Viii'"} ' whereF  = & - y.M ~ y,)]*        -,(/)-,0)

"   id-y.-JH-y.-jMir''       '
If 7 < r is fixed and s(j) ± s'(j), then let s(j) - s'(j) = u ■ z" with u g Z\zZ.

Observe that ||F,;|| < ]|z0||. Then we can choose i large enough such that z¡_, g¡ £

[Y\'j=x T¡,]x. Induction on (viii'") leads to the equation

Bï+m+i = Bi ' Hm(l - zi_Jo+m_n)
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such that, for m large enough, z(¡_ja + m_n)g is not in the support of R, and Hm.

Again, Lemma 4.5 will give a contradiction. Hence (ix) is settled and (viii'") turns

into the handsome equations

(xii) Bz+X = B,Yt

with

(xin) Y,= (*-*♦)<!-*♦)

n^x(b-y,_Jg^(l-y,^g^-

Induction shows

(xiv) R,C'+i = B,Zm    for Z„, = u Ygj.
7 = 0

Let [R,]1 = [yu: u¡ = (fy.,g¡) g A" x G, i < e) the v-support of R, and choose

y, < •■■ < ye in A*. Now we compare ß = sup,e„y¡ and ||/ ||. Call ue= u,

ye = Y< 8e = g' and consider

Case I. ||/y|| > ß.

Certainly we can write B¡ = (f/F)ky'u with relatively prime and inhomogeneous

polynomials f, F <e Re[kyu], where Re = Ry(,yyg. gGG\{g'}, i G co}. From

Lemma 4.1 and (4.1*) we find inhomogeneous, relatively prime polynomials hm, Hm

g Re[kyu] such that

-^        v'V"=^   v'Zti    k + m Su I r-kfum'

If / = 0, then substitute fc_y¿ = 0 and continue at the equations similar to (xvi).

Using definition (3.2)(IIIy)(b) of kyu, we have i+xyz¡yux = m]g' and the last

equation turns into

(h    \z"'       I      r"~l ;

Observe that A>>„ appears only in the inhomogeneous polynomials hm, Hm, f, F.

Now we substitute kyu = 0 and obtain new z-power equations from (xv).

Finally use the (by now) standard support argument to kill (xvi): Since xye(k+j)g- G

[ml+jg'] by (3.2)(IIIy)(c), (d), we can choose j large enough such that xye,k+J)g.

does not appear in Zm and /(0), F(0). Then Lemma 4.5 leads to a contradiction.

■  Case II. Il/J = fi.
Since \\ml'\\ < ß, we can find i2 > z, such that

y,G U [«*y]    for all i> i2.

Using the same substitution argument, we derive a contradiction from (4.5).
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After finitely many steps we derive at the final

Case III. H/J < ß.
Observe that the substitution argument (xvi) might have changed the R, but not

Zm. Without loss of generality we will work with the same equations as in (xiv).

By hypothesis, we can choose a ^ i2 such that \\y¡\\ > \\fy\\ for all i ^ q. Hence

R,-, g A^* and suppose j0 > 0 for some fixed j < r in (xiii). If

RJ = Rq.(kyq.g:keU,g<=G\{gj}),

then (xiii) and (xiv) can be written as

*£*+i = A[(b - yq)*(l - yq)<t>] "'    with Ae R7

Since ycfi = yq$q, is z*-high in Rq,(iyqg: i G co, g g G) over Rq„ we find A' > 1,

hqJ g G, «, g Rq., j* > 0, Z(ay) g Z\zZ with

k'

(xvi) ^ = n i/q(qi)nq]uq
7 = 1

from Lemma 4.2(a).

We will consider the case g7 = h ¡ for some i < A'. The case gy £ {/z^,: / < A'} is

similar but simpler. We may assume that g- = A , and substitute (xvi) into the last

equation. Hence

(xvii)    B'lZ+i = A{b$ -j*yqgjd)(l -j.yqgjd)   with A,de R7 j* =j*.

By Lemma 4.1, respectively (4.1*) the inhomogeneous polynomial

(H -ryqgjd)(l -j.yqgjd) g R^j.y.gj]

is a z-power in RJ(^yqgj-. i g co), which contradicts Lemma 4.4. Therefore j0 = 0

and g = /z    for all j < r. Together with (xvi) we can write (xiii) as

, ...,> y     (b*-ni-lj.yr%«,)(l-llS.lj.yi<'%ul)
(Xlll     ) Y:    =-—-   .

n^ibgj-yaj^Xi-ya,)™

Now suppose r > 1 in (xiii'). We collect all other factors (j # 1) of (xiii') in

« = n ry'Uj)^ and a = n (bSi - jzfy),0)(i - v^r"1-
7=2 7=2

Let 0 < s < z such that sil) = s mod z and 1* = w, gx = g, y = wy¡ , t = Z(z, 1).

Recall from the construction (3.2) that R,. + 1 = R¡*(ny¡h: n g co, /z g G) and

consider the subfield

Si.rMji»:»^, /zGG\{g}).

Since >',g = d ■ wyfg = fify*" for some d g R(„ from (3.2), equation (xiii') turns into

an equation with coefficients (u. A,...) in S¡* :

Y_      (b<t> - y'u)(l - y'u)

'     A(bg-y*'d)'(l-y*"jy
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with s g {1,2} (char A ^= 2 => s = 1) and w = 0 or t £ zZ. From (xii) we know that

B¡Y¡ (with R, g S,-. ) is a z-power in R,» + 1. From (4.1) and (4.1*) we find relatively

prime polynomials h, H G S¡, [y] with

R,.(H-/«)(!-/«)     _ i h

A(bg-yz'dy(l-yz'dy      \H,

Therefore, since 5 G {1,2} and s = I if char A ¥= 2,

ÍHz(b<)>-y'u)(l-y'u)Bl = hz(bg-yz"d*y(l-yzVyA
(xx) <

\ = hz(bgs - y""d)(l - ysz'ds)A

The polynomials (g - yz"d)s and (1 - yz"d)s are z-power-free by (4.3). Since b ^ 1

by ( ), also bg # 1, and the polynomials are relatively prime as well. Arguing with

prime divisors in some algebraic closure S¡. [y], (xx) implies

(bg - yz'd)5(l - yz'd)s\(b<p - y'u)(l - y'u).

Consider the case char(A) = p + z. Then also (b^-y'u) and (1 - y'u) are

z-power-free and relatively prime by ( 4- ). Similarly

(b4> - y'u)(l - y'u)\(bg - yz"d)s(l - yzVy.

Therefore the two products differ only by a unit in S¡* [y]. There exists B g S,»

such that

(xxi) (b'g - y""d')(l - ysz"ds) = B(b<p- y'u)(l -y'u).

From the degree of the polynomials we conclude 2/ = 2szw, hence t = szw. If w = 0,

then t = s. Suppose w ¥= 0, then ii zZ, hence szH Í zZ and w = 0 is a contradic-

tion. Since w = 0, t = s, we derive from (xxi)

(tVg- v-V'X1 - ysds) = (b<p - ysu)(l - ysu).

Comparing roots of y\ we find {(bsg)d~s, d~s) = [b$u~l, u~1}, hence {¿>^>, 1} =

{(bsg)d~su, d~*u}. There are two possibilities. Either d~su = 1 and b<j> = bsgd~lu

= bsg or 1 = bsgd~su and /3<f> = d~su = b~sg. Because j = 1 or s = char A = 2, the

map is a Frobenius homomorphism and in any case b<p g bg<bp U b~lg<b which

contradicts (4-). Therefore we consider the case char(A") = p\t, say / = p"m with

n > 0, and 0 ¥= p t m. If b' = (b<f>)p " and u  = up " in 5,„ then (xx) turns into

Hz(b' -y"'u')p"(l - ymu')p''B, = hz(bg - yz'd)s(l - yz*)sA.

If w ¥= 0, then ii zZ and the multiplicity of roots forces n = 0. Therefore t = m

and p + r was excluded in this case. Hence w = 0 and d = 1 by definition. The last

equation equals

//-"(/j'- y"'u')P"(l -ymu')p"Bi = hz(bg-y)s(l - y)'A.

Since char(A") = p + w and u' * 0, tV # 1, the polynomials (b'- ymu') and

(1 - v"V) are z-power-free by (4.3) and relatively prime. The last equation implies

(b' - y-u')(l - ymu')\(bg - y)s(l - y)s

and the degree forces m = 1.
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Since (bg - y)s(l - y)s is z-power-free, we also have

(bg-yy(l-yy\(b'-yu')p"(l-yu')p".

Hence Hz\hz and H is constant because H, h are relatively prime. Therefore

(b' - yu')p"(l - yu')p"B¡/(bg - y)s(l - y)sA is a z-power in S¡.[y]. Comparing

roots, we find {bg,l) = {b'u'~\u'~l], hence{ bgu', u'} = {b',1}.

Case I. u' = 1, bgu' = b'. By definition of b' we have (b$)p " = b' = bg and

b<p = bp"g G bg<S>p.

Case II. u' = b', bgu' = 1. By definition of b' we have (b<¡>)p " = u' = b~lg and

b<t> = (b~l)p"g G b~lg& . In any case b<j> g /jgO^ U b~lg<bp which contradicts (4-).

Therefore a must be strong.

Finally we want to prove (5.0). Because of (3.3) it remains to show End R ç $ X

G. Suppose <j> G End Ä\$fXG and suppose we derived

/ ̂  x There exists a G A*  such that <t>a f A = ^ f Ra* is not the

restriction of a map in $  X G.

By the Black Box we can find another ß g A* with (*) for c^ [ R and the

hypothesis of (5.7). Hence ß is a strong ordinal and ¡yß<\> = ¡yßtfß £ R- In particular,

<í> í End R, a contradiction. Therefore (5.0) follows as soon as (*) is proved.

Suppose 4>a r R = a<#>ga t R with a<i> induced by a<f> g 4^ and ga induced by

ag g G on R n P0*. We want to show

(**) If a,ß G A*, thena<|>=^ and ag =ßg.

Choose any x, g [Pa]x and x,, g [Rg]A. There exists y g R such that x„ x,, g [Ay]*

and <j>y = 4> \ (P* D R) by the Black Box 2.10. Since t, t' g A X k X G, let f =

(5, A, h) and ,' = (8\ A', /z'). We derive x,^> = x,<j>a = x,(a<t>)(ga) = x0kh°ga<t> and

similarly xr,<p = xs,k,h,ß % as well as

x,$ = x,<t>7 = xskhig7(t>    and    x,,<¡> = xs,k,k,rgy<j>.

Using the law of right cancellation on G, we derive "g =yg =&g and a4> =y4> =ß4>.

From (**) we have <¡> g <¡>p x G, which contradicts our assumption on <¡>.   D
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