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ABSTRACT. Let G be an arbitrary monoid with 1 and right cancellation, and K be a
given field. We will construct extension fields F 2 K with endomorphism monoid
End F isomorphic to G modulo Frobenius homomorphisms. If G is a group, then
Aut F = G. Let F¢ denote the fixed elements of F under the action of G. In the
case that G is an infinite group, also F¥ = K and G is the Galois group of F over
K. If G is an arbitrary group, and G = 1, respectively, this answers an open problem
(R. Baer 1967, E. Fried, C. U. Jensen, J. Thompson) and if G is infinite, the result is
an infinite analogue of the still unsolved Hilbert-Noether conjecture inverting Galois
theory. Observe that our extensions K C F are not algebraic. We also suggest to
consider the case K = Cand G = {1}.

1. Introduction. We want to investigate field extensions R of an arbitrarily fixed
field K of characteristic char K = p a prime or p = 0. Using some terminology from
model theory, we will show that field extensions of K are a nonstructure theory in a
very strong sense. The extension field R can be chosen quite arbitrary up to the
obvious restrictions. Let us recall the related well-known facts. End R will denote the
set of all endomorphisms of R. The product of endomorphisms makes End R =
(End R)" to a monoid, which is a set G* with associative multiplication “-” and
identity 1 € G. A monoid G satisfies the law of right cancellations if yx = zx for
X, ¥,z € G implies y = z. The endomorphisms of R are necessarlly injections,
hence End R satisfies the law of right cancellations.

Observe that maps are acting from the right. Apparently not all endomorphisms
are surjective. If p # 0, the field R always has a special semigroup @, of such
endomorphisms, the Frobenius homomorphisms. The cyclic group ®, € End R is
generated by ex(p): R — R which takes » € R to r”. Frobenius homomorphisms
are surjective if and only if R is a perfect field. If p = 0, then &, = {1} = 1. Itis the
object of this paper to prove the converse of these well-known facts.

THEOREM. Let K be any field. Then the following conditions are equivalent.
(1) G" is a monoid with right cancellation.
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356 MANFRED DUGAS AND RUDIGER GOBEL

(2) For any cardinal X > |G| with X > k = |K| - 8, and X* = Ao, there exists a
field extension K C R such that |R|=\% and End R'=®, X G is a semidirect
product with ®, central in (End R)".

The field R is not perfect (&7 = N°) for p # 0 and Frobenius homomorphisms
# 1 are not surjective in R.
We have the immediate

COROLLARY [7]. Let K be any field, G be any group and X > |G| any cardinal with
N =N and X\ > k = |K| - N,. Then there exists a field extension K C R such that
|[R| = A% and Aut R = G. Moreover, if G is infinite, then G is the Galois group R
over K.

The last remark follows from the group action on R, which is defined inductively
in §3. By an easy support argument we have R® = K, where R® denotes the fixed
field {r € R: rg =r for all g € G}. The reader is invited to consider the special
case K = C, the field of complex numbers and the trivial group G = {1}. It is also
clear in this case that the size |R| of any extension field R of C with Aut R = 1 must
be larger than |C|.

The corollary extends a recent result of the authors [6] in Godel’s universe V' = L.
The earlier construction in L depends on R. Jensen’s diamond function and the
prediction of maps on the union of ascending chains. Here we want to prove a
similar result in ZFC—without any extra set theoretic hypothesis, cf. [7]. Hence it
seems reasonable to imitate the prediction of Jensen functions. This is performed by
a Black Box, prepared in §2. The role of the Jensen function is taken by partial maps
associated with traps. The Black Box originates from a model theoretic result of S.
Shelah [31]. It was used in Shelah’s proofs on the existence of almost indecomposa-
ble abelian p-groups [32, 33] ten years ago and has been refined in [34]. Other proofs
have been given in Corner, Gobel [2] and for cardinals of cofinality w in Franzen,
Gobel [10]. Observe that the Black Box is proved by simple but suitable counting
arguments only. It is straightforward to carry over the arguments from {2 and 10]
and to conclude (2.10). We also employ a simplification used in [8].

The reader will observe similarities with earlier theorems of the authors [4, 5] and
jointly with A. L. S. Corner [2], S. Shelah [18] and A. Mader, C. Vinsonhaler [8] on
ring and module theory. Modules M of certain categories over a class of commuta-
tive rings 7 have been constructed in such a way that a prescribed T-algebra 4 is
realized as an endomorphism algebra; cf. [2, 4, 5, 18]. In a fixed module category we
have unavoidable, so-called inessential endomorphisms, in general. Such endomor-
phisms have been collected in an ideal Ines(M) of the endomorphism algebra
End M; cf. [2. 5]. It turns out (after some calculations) that this ideal Ines(M) is
well known in special categories; cf. [2]. In the case of abelian p-groups Ines(M) is
the ideal of small endomorphisms of M, introduced by R. S. Pierce, for instance. In
the case of cotorsion-free modules M we have Ines(M) = 0. Other cases may be
found in [2] or [19]. The general realization theorem for T-modules M reads as
follows:

End M = A & Ines(M),
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cf. [2, p. 462, Main Theorem 5.2], in particular see the restrictions on 7. In the
context of field theory, the role of Ines( M ) with respect to multiplication is taken by
the semigroup @, of all Frobenius homomorphisms, which cannot be killed by any
extension. Therefore ®, naturally comes up in the theorem. However, ®, =1 if
p = 0—which corresponds to the category of torsion-free T-modules.

The similarity can be pushed even further. The construction of T-modules is
performed between a sufficiently large “relatively free” module and its T-adic
completion. In the case of fields you do the same: The “relatively free” objects are
large enough function fields and the T-adic completion is replaced by the algebraic
closure. Now it is clear that a field should be cotorsion-free if it contains no
algebraically closed subfield. The modules M are derived as pure submodules of the
mentioned T-adic completion. Purity is achieved with the help of divisor chains [2,
5]. In the case of field theory we need an equivalent notion. Since multiplication in
fields is more relevant than addition, the parallel construction of purity is carried out
with root chains, compare §3. These root chains are motivated also by E. Fried and
J. Kollar [13]; however, they are essentially different from the chains in [13]. They
have been used in our earlier paper [6]. Hence the authors would like to understand
this paper as a contribution of abelian groups to field theory, caused by the advances
of the first theory in recent years; cf. [19].

The correlations cited between the two theories might help to detect other
connections. However, and this is not surprising either; the actual computations in
the following sections—although inspired by module theory—differ substantially
from their origin [2, 5]. Besides the methods mentioned, the construction uses ideas
from algebraic geometry, polynomial rings and (of course) from field theory. Finally
we want to include some historical remarks concerning the solved problem. It was
brought to our attention by C. U. Jensen (Kopenhagen) at a Colloquium at Essen
University. We would like to thank him for a stimulating talk as well as for his
support of $25 on the solution in the case K = C and G = 1. The problem seems to
be known to many experts. It is stated in E. Fried [12, p. 315] and it was earlier
(1967) discussed in a seminar at Sheffield University by R. Baer as pointed out by P.
Vamos. It also has been considered by J. Thompson in more recent talks. J. De
Groot [20] asked a weaker question in 1959: Is any prescribed group G the
automorphism group of some field? This was answered for G = Z by W. Kuyk [23].
The final answer to De Groot’s problem was given by E. Fried and J. Kollar [13].
The characteristic of the field can be prescribed as well, see [13] for p # 2 and [27]
for p = 2. The complication caused by a prescribed subfield K lies in the fact that
Aut K might be very large. In order to find an extension field R with Aut R = G we
must kill the automorphisms on K simultaneously. In De Groot’s special case we
simply start with K = Q and recall that AutQ = 1.

There are similar problems known in field theory.

The famous still unsolved Hilbert [22]—E. Noether [26]—conjecture “inverting
Galois theory” asks for realizations of finite groups as Galois groups over K = Q;
compare the reports by [25, 36] and references in these papers. The most important
contribution in the finite case is the realization of all solvable groups by I. R.
Safarevic [29]. Moreover, many of the finite simple groups have been realized—
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including most of the sporadic simple groups, see B. H. Matzat [25] and in particular
J. G. Thompson [37, 38], W. Feit, P. Fong [9]. Our method contributes a solution of
an infinite analogue of this problem. However, observe that our field extensions are
not algebraic over the group field K. In fact algebraic extensions are impossible
because K might be algebraically closed and if this is not the case, then G might be
too large. Hence—unfortunately—this construction will be of no use in the finite
case. There is also a weaker version of this problem asking for realizations of finite
groups on algebraic extensions of Q. This problem was essentially solved in [14] and
corrected in [15]. A new simple proof is due to W. D. Geyer [17].

In a recent paper D. J. Madden and R. G. Valentini [24] constructed function
fields F over a given algebraically closed field K with a prescribed finite relative
automorphism group G = Aut(F/K). This was sharpened by H. Stichtenoth [35],
who can prescribe the fixed field F as well. E. Fried [11] replaced fields by
domains. In this case the answer can be obtained with less effort because of the rich
ideal structure of domains.

2. The Black Box. We will use a simplified version of Shelah’s “Black Box”
adjusted to the construction of field extensions. The proof of the combinatorial tools
is derived from Corner, Gobel [2], which is based on S. Shelah [33]. The simplifica-
tion turned out to be useful in Dugas, Mader, Vinsonhaler [8]. The reader who is not
willing to use the simplification, can also use [2] which makes no essential difference.
In fact, we will adopt the terminology from [2] and will sometimes talk abcut
“branches”.

Let G = (G, -, 1) be a monoid with associative, multiplicative structure (G, -) with
the law of right cancellation (hg = h’g implies h = h’) containing the identity
1 € G; compare N. Bourbaki [1, p. 12]. Furthermore let K be any fixed field of
characteristic char(K) = p with p = 0 or p a prime. Let x = |K|- ¥,, where |K|
denotes the cardinality of K. Choose any cardinal A > k, |G| such that A* = A™. We
want to construct an extension field R of K of cardinality |R| = A¥. Choose a set X
of independent and commuting variables, and let

A = {u: u: w — X strictly increasing} .
Elements of A will be called “branches” occasionally, as in [2]. Consider

X={xst€XXkXG})and Y={y;: u€ X XG}. The
(2.1) elements of the first set are called x-variables, the second ones
y-variables.

We will write t = (a,k,g) EAXKkXG and 1, =a, t,=k, t;=g for the
components. Similarly u = fg € A* X G and u; = f, u, = g where f € X",Ag € G.
If g =1, we also write x, = x,, and y, = y,. If F is any field, then let F be its
algebraic closure. Furthermore F[T] denotes the polynomial ring over a set T of
independent, commuting variables with coefficients in F, and F(T) is its function
field. In particular we are interested in the fields

(2.2) F,=K(X)CF=K(XUY)CF.
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If h € G, then let
(i) rh=rforall reKk.

(2.3) (i) Xapgh = Xou(gn forall akg € A X k X G.

(iil)  yroh = Yy forall fg € X X G.
The map # on KU XU Y is injective because G satisfies the law for right
cancellation. Hence h induces a unique canonical endomorphism (mjectlon) of F
which can be extended (not uniquely) to an endomorphism of F because F is
algebraically closed. This endomorphism on F will be denoted by s as well.
Therefore we conclude
(2.4) G CEndF via(2.3).

Observe that it is impossible, in general, to extend G to a submonoid of End F;
e.g. consider G = Z/2Z. If G C Aut F, then F is a real closed field. Used facts on
field theory can be found in [39 and 40]. Similar to [5 or 2, p. 451, (1.7)] we will work
with supports, which here depend on X or Y.

If fe F, then f 1s algebraic over K(X,Y); cf. (2.2). Hence
there exist minimal and finite sets [f]* € X and [f]" C Y
such that
-/\
23 re k(T ol c £
We call [f]* the x-support and [ f]” the y-support of f and
[f1=1f1*UIf]" is the support of f.

REMARK. Take the minimum polynomial of f over K(X U Y) and collect the
variables x € X used for coefficients of this polynomial. The resulting set will be
[f]*. Similarly define [ f]".

We also introduce a norm which is related to supports in A. Here we assume
cf(A) > N ,. The other case cf(A)= ¥, is similar using notation from [10]. If U C A,
then ||U| = supU € X + 1. Furthermore, if f € F, then |f| =
sup{a € A: x, € [f]* or @ € Imuy, y,, € [f]” for some k, g, u} =|[f]| €A
and y, € Y has support Im(u,), hence || y,|| = {[Im(x,)|| € A. Similar to [2, p. 451]
we will use the

DEFINITION 2.6. A canonical subfield P is a subfield of F; of the form

P=P,=K(x;:1€TXkXG)
for some subset T C A with 0 # |T| < k. Let [P]* = {x,: t € T X k X G} denote
the x-support of P. Let us agree on writing P = P = Pp;x. In addition, call

P* = K([P]*U{y, fee X G, Im(f) c T, | /] <|T|})

the Y-closure of P.

Observe that G C End P;. Similar to [2, p. 454] we now define a trap.

DEFINITION 2.7. A trap is a triple 7 = (f, P, ¢) where

(1) f € A is a branch.

(2) P is a canonical subfield of F, such that ¢: P* — F is a field embedding with
the following properties forall n € w,

() [P)*=U,c,T, with f(n) € T,
(iiysup7, < minT, , (using < from the A-component),
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(iii)if 1, = U, ., T, and P, = P, then P¢ C P* .

(3) K(xgo1) € P and [|K(xg)9 U K(xp9)|l <[Pl
From (2.7)(2) we have the immediate

OBSERVATION 2.8. If 7= (f,P.¢) is a trap, then ||7|| = ||f|| =|P|| =||P| € A
has cofinality w, and U, c , P¥¢ € P*.

Similar to Dugas, Gobel [5] (“A-big”) or Gobel, Shelah [18], we will also need the
notion of a “large trap”.

DEFINITION 2.9. Let 7, (a € A*) be a sequence of traps. Then we say that a trap
7. = (f.P.¢), a €N is large (over A*). if there exists an w-sequence 7,. =
(frors Poyrs @) (m* € X¥) (m € w) of traps such that, for all m € w,

(D) |71l < 7+ 1)+ll 18 strictly increasing. and || K(xgg,) ¢l < ||7]l,

(i) [[{ 7,0t m € @} < limll

(iii) [P,.] C [P] and ¢,. = ¢ | PX.

If 7, is a large trap, we will write 1, = (7,+),, c .-

Brack Box 2.10. For some ordinal A* > A% (as ordinal) with |A*| = A¥v there
exists a transfinite sequence 7, = (f,, P,.¢,) (a < A*) of traps, such that, for
a, B < A*,

(i) if B < a. then || Py|| < [|P[l,

(ii) if B # a, then Im f, N Im fj is finite,

(iii) if B + k™ < a, then [Peli X kN {(fo(n).e(n)): n € w} is finite for any
function e: w — k. ([ ], denotes the first (= A) index of an x-element.)

(iv) For any subset X C F with | X| < «, and any ¢ € End F, there exists a < A\*
such that

(a) 7, is a large trap with 7, = (1,,,

(b) 7, catches X and ¢, i.e.

XcP* and ¢t P*=g¢,.

PROOF. If A= A% (x > R,) follow Corner, Gobel [2, pp. 476-478] or Dugas,
Mader, Vinsonhaler [8, Proof of Theorem 2.6] where the tree “~ w is replaced by a
branch w. In this case cf. (A\) > k > N,. The proof for A > k with cf. A > N, is
similar and only the case cf. A = w needs some extra arguments due to S. Shelah
[34]. A more direct proof is given in Franzen and Gobel [10].

)m €cEw and‘

3. The construction of a field R = R(K,G). In Dugas and Gobel [5] and Corner
and Gobel [2] we used divisibility chains in some completion in order to construct
(pure sub-) modules with prescribed endomorphism rings. The crucial operation in
fields is multiplication—addition is less important. Hence divisibility chains must be
replaced by root chains, which is the basic algebraic concept of this paper.

Let us agree for the rest of this paper on the following

CONVENTION 3.0. The exponent z of an element of the fields under discussion
denotes z = 2 if the characteristic of the fixed ground field K is not 2 and z = 3 if
charK = 2.

Recall from Dugas and Gobel [6] the following

DEFINITION 3.1. Let K C P be any field extension and let z be a prime.

(a) An element f € P\ K is called z*-high over K in P, if there exist k, € K* =
K\ {0}). f, € Pwith fy=fand f; , = f,k, forall n € w.

ntn
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(b) We say that K is z-purein P if f€ R, f* € K imply f € K.

Next we want to carry out

(3.2) The construction of the field R = R(K,G). Recall (2.2) and choose a trans-
finite sequence 7, = (f,, P,,¢,) (a € X*) of traps satisfying the conclusion of the
Black Box 2.10. Then we will construct our desired field R as the union of an
ascending chain of subfields R, of F with a < A*.

Let p < A* and assume that we have found two ascending chains of subsets
S, C a, and of subfields R, C F for all @ < p. The elements of S, are called strong
ordinals. We also assume that G acts on R, extending the action of G on Ry for all
B < a. Moreover, we make the following requirements.

If p = 0, we assume nothing and put

(Ip) R,=F,=K(X) and S,= 9,

cf. (2.1), (2.2). Observe that G operates on R, via (2.3). If p is a limit ordinal, take

R,=UR, and S, =S,
(I,L) a<p a<p (p alimit).
The G-action can be extended trivially

When p = a + 1, a successor, we distinguish three cases.

THE STRONG CASE. Choose S, ., = S, U {«a}. Suppose that it is possible to choose
“root chains” ;y, . (i € w) In P* (g€ G)and R, in such a way that each of the
following conditions is satisfied.

(Tih) Ry, = Ra(,yf"g: i€cw,ge G),

(@) 0V = Vg .

(b) 1V, =iV omig wWith m? € P¥ N R, such that for all i € w, )

(i) m¥ = a,(1 = x; ), ) (i €w)forsomeinjectione,: w -k, a,, € P¥NR,
with ||{a,: i € w}|| <|If)l. and if 7, 1s a large trap with 7, = (fix, P, $;+)
(i* € X\*), then either (i) holds or

(1) mi = a, (1 = x; .y ba = ¥, N1 = ;) for some injection e,: w = k,
o by € P2 VR With [[{d,. by i € )| < |70l

() If h € G, we define its action on R, extending A [ R, If ;,y, . € R, then
i¥r.¢h =:¥r.on Which is an injective map because G satisfies the law of right
cancellations. Using (I, ,)(a), (b) then A R, extends to an endomorphism of
R, .- Therefore G actson R, ., extending the action on each Ry for f < a.

(I, ) IfB €S, and ¢, extends g5 I R, , then there are numbers i(a. B) € w
with i(a,a) = 0 and ,yfﬁl(p;; & R, ., foralli>i(a,p).

If this strong case is possible, we make this choice and continue the construction
at a + 2. If not, we consider

THE WEAK CASE. In this case we choose S, ., = S,. Suppose that it is possible to
choose “root chains” ,y, . (i € w) in P* (g € G)such that (I, ) and (Il ) hold
[but certainly v, ,¢, € R, for some extension ¢, O ¢, I R, ,,]. Now we require
less.

i€ w
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(I1, ,,) If ¢, extends ¢, I Ry, then ,y, ¢, € R, for all i € w. If we can make
this choice, we will do so and call « a weak ordinal and continue the construction at
a + 2. If not, we consider

THE USELESS CASE. Choose S,,, = S,, R,.,, = R, and call « a useless ordinal.
[We will show in §5 that this case does not exist: There are essentially no useless
ordinals.]

In order to compute the inductive construction, we must show

(I1,) for limit ordinals p < A*:

M) ges and ¢y extends ¢ [ R, then there are numbers i(p, 8) € w with
Vs € R, for all i>i(u,B).

If (I1,) does not hold, then ,y,,¢5 € R, for infinitely many / € w. Hence ,y, 43 €
R, for some a, < u and we may assume 8 < «; without loss of generality. From
(Iz)(b) we have (1Y, 193)° € R, . Since R, is z-pure in R, also ., 1Y, 195 € R,
and kY, 193 € R, for all k> 0. This contradlcts (I1,) because B € S, . Now
transfinite mductlon completes the construction. Finally we derive the desired field

R=R(K.,G)=R,. withGcC EndR.

The ordinals < A* are divided into strong ordinals in § = U, _,.S,, weak ordinals,
and useless ordinals. It will be convenient to simplify the notations. Let us agree on
the following.

(IV,, ) We will write in (I, ;).

(@) Vg = i Yagr oyag Yag AN ;a1 = Vas

(b) Xr(ive(ivg — Xaeig and x,,;, = x

(©) ;. = Yo; OF simply yo; = yju.
Since G C End R, we ask for other endomorphisms in R. What are the unavoidable
endomorphisms? If char(K') = p (= charR) is a prime, then the set

ex(p'): R> R(r—>r?') (t=0)
of Frobenius homomorphisms form a cyclic semisubgroup ®, = ®,(R) (= N) of
(End R)" which is generated by ex( p).

Observe that the Frobenius group @, corresponds to the ideal Ines(R) of
unavoidable homomorphisms of a module R, cf. [2, §4].

If p =0, then ®, = (1} is degenerated. In any case, it is clear from the G-action
on R that ®, N G = 1and @, is central. We derive
(3.3) ®, X G C EndG is a semidirect product.

aei®

It remains to show equality. This is the main object of this paper, which we postpone
to §5.

It will be convenient to define a special support T(...). If « € A* and 7, =
(fo Py 9s). & € G, we define a support of £, to be
(3’4) T(fag) = U [i+ly;giy¢;gl]'

I€w

It follows from (I, ,)(b) and (IV,, ) that
T(fag) = Ty U {X4pp: | € @} where T, C X and

(3.5)
Il < £l =T -
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4. Algebraic tools: Simple field extensions. Observe that the construction (3.2) (I,,)
gives rise to many z*-high elements in R. In the following lemmas we will deal with
such elements. This is the central algebraic part of this paper. Special cases are
derived in Dugas and Gobel [6] as Lemma 2.2, Corollary 2.3.

LEMMA 4.1. Let K be a field of characteristic +# 2 and P = K(;x: i € w) where
X =, is transcendental over K and , . \x* = ,xk, for somek, € K. Ifu € K(;x) isa
square in P, then

(a) uis a square in K(;, ,x),

(b) if also u = f/ F with inhomogeneous polynomials f, F € K[,x], then u is a square
in K(;x).

PRrOOF. Observe that K(,x) € K(;,,x)and P =U, ., K(;x).

(a) Let u =v? with v € P. Clearly we may assume u € P\ K and let i € w
minimal with u € K(,x). Let ¢ > 0 be minimal withv € K(;, ,x). Wewant ¢ € {0,1}
and assume ¢ > 2 for contradiction. Since K(;,,x) = K(;;,_1%)(;,x) with ,, x?
=,,,1%Xk;+,_1. K(;,,x) is a quadratic field extension over K(,,,_;x). Therefore
v=a,;,,x+bwitha, b€ K(},,_,)and a # 0, because ¢ is minimal. We derive

u=vl=a,,_xk,., ,+2ab,, x+b*
— (2 ) 2
= (a i1 Xk, t b ) + 2ab,;, x.

Because charK # 2, this implies ab=0. Since a# 0, also b=0 and u=
a’iixkig oy € K(x).

Since k,,,_, € K, also a?,,_,x € K(;x). On the other hand a € K(,,,_x)
which is a quadratic field extension of K(,,,_,x) and we can writea =c¢,,,_,x +d
for some ¢, d € K(,,,_,x). Therefore (c%,,_,xk, ,_,+ 2cd,,,_;x +d?*),,,_,x
€ K(,x) and 2cd,,,_,xk;.,_, € K(;,,_,x). From K(,x) C K(,,,_,x) we derive
(C2i+r~Zin+1—2 + dz) i+r—1% = K(i+1—2x)- Since Czi+r—Zin+r—2 + d2 €
K(;,,. ,x), we have

2 2 _
¢ i+rA2in+1—2 +d==0.

Therefore ,,,_,x = ky? for some k € K, y € K(,,,_,x) which is impossible by an
obvious degree argument. We conclude ¢ < 1 and (a) holds.

(b) Let u=f/F with f, F € K[,x] inhomogeneous and relatively prime. If
u =0 then v =h/H and h, H € K[, ,x] from (a). Without loss of generality we
assume that s, H are relatively prime as well. Hence

= f(,.x) - h2(1+1x)
F(i’x) H2(1+1x)’

and using ,,x* = xk, we define g,G € K[,,,x] by G(,,,x) = F(,,,x’k;!) and
g(,.1%) = f(,;.,x%k ). Therefore

_ g(i+1x2) _ h2(1+|x) _ hz(_i+lx)

G(,, 7)) H.x) HY(—,..x)

i+1
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If e=h(,.,,x)/h(—,,x), then h*(,,,x) = e*h*(—,,,x) and H?*(,, ,x) =
e’H?*(—,,,x). Since h, H are relatively prime, we have e € K. Let n > 0 be the
smallest integer with coefficient ¢, of the polynomial 4 different from 0. From
h(,,;x)=eh(—,,,x)and e € K we conclude c,(,,,x)" = ec,(—,, x)". Therefore
e=(—1)". We may write h(,,,;x)=(,,,;x)"h’(,,,x) with A’ inhomogeneous.
Therefore , | x"h'(,,x) =,,1x"h’(—,,x) and k' is even.

In the same way we can find m € w such that H(,,,x) = (,,x)"H'(;;,x>).
From h(,,,x)=(,,;x")h’(,,,x*) and h, H relatively prime, we derive n = 0 or
m = 0. By assumption k/H is inhomogeneous, which implies » = m = 0. This and
. 1x% € K(,x) show that u = v? = (h'(,,,x*)/H’(;,,x*))?* is a square in K(,x).
a

In order to cover the case char K = 2, we must derive a similar result in this case.

LEMMA 4.1*. Let K be a field of characteristic 2. Then P = K(,x: i € w) denotes
the extension of K, where x = x is transcendental over K and , . x> = x k, for some
k, € K. Ifu € K(,x) and u = v*, then the following holds.

(a) v € K(,, x).

(b) If also u = g/ G with inhomogeneous polynomials g,G € K[;x], then u € K(,x).

PrOOF. Consider K € K and the Galois field GF(4) C K of 4 elements. Recall
that GF(4) = {0, 1, e, f } with equations

el=fr=l,e+f=1e=f"".
We will also use the trivial equations

(i) If a,b,c € K, then a®> + b>=(a+ b)* and (a + b + ¢)’ = a’ + a*(b + ¢)
+ b3+ b2(a+ )+ + cXa + b).

Let u € K(,x) and i be minimal. We may assume u € K, hence / > 0. Let ¢ be
minimal > 0 such that

(iii) v € K(,, ,x),
and suppose ¢ > 2 for contradiction. The element v can be expressed as v = a,, ,x?
+ b, ,x + ¢ with coefficients a, b, ¢c € K(,,,_,x). Since ¢ is minimal, also

(iv) ab # 0.
An easy calculation, using (ii), shows

(v)
vl =, x*(a*h, ,_ xk,., , + b+ c%a)
+,+,x(a2c‘,+,_lxk,ﬂ,1 + b, xk, .+ czb)
+(cl*z,-Jr,v,)czlc,ﬂ,,l + b3, xk,, o+ 63).
Since v* = u € K(,x) and t > 2, we get from (v) and charK = 2,
(vi)
a*b,., \xk,.,_,=b¥+cla, (a’c+bXa),, , xk, ., =cb.
Case 1. Suppose a # 0 # b, ¢ # 0. Hence ¢2b # 0 and also a’c + b%a # 0 by (vi).
Equations (vi) lead to

¢2b/(a’c + b%a) = (b*c + c*a)/a’h.
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Using char K = 2, we derive a’b’c? = b%ac + c’a®, hence b* + b%ac + a’* = 0. If
d = b?, we apply (i) and derive d* + dac + a** = (d — eac)(d — fac) in K, recall
GF(4) C R. Without any restriction choose (d =) eac = b*.

The first equation (vi) can be written

b? b\?
T ppp—
+r—1 +1-1 03€(€+1) a

Since a, b € K(,,,_,x), we can find polynomials g,G € K[,,,_,x] such that

3
ivim1XKi oy = (%) ;

hence ,,,_,xk,,,_,G* = g’. If deg denotes the degree of these polynomials, then
1 + 3 - deg(G) = 3deg(g) which is impossible.

Therefore we are in

Case2.a-b-c=0.

Suppose ¢ = 0, then ab = 0 from the first equation of (vi), which contradicts (iv).
Therefore ¢ # 0 and either a = 0 or b = 0 in this case. In case a = 0, also b # 0 by
(iv). From the second equation (vi) we have ¢2h =0, hence c=0or b=0 is a
contradiction. If b = 0, then a # 0 by (iv) and a’ = 0 from the second equation of
(vi). Therefore a = 0 or ¢ = 0 is a contradiction and (4.1*)(a) is shown.

(b) Let u=g/G with g,G € K[,x] inhomogeneous and relatively prime. If
u =03, then v = h/H with h, H € K[,,,x] from (a). We may assume that h, H are
relatively prime as well. Using ,, x> = xk,, we define g’,G’ € K[,,,x] by g'(;;,X)
= G(,,,x*k; Y and G'(,,,x) = G(,,,;xk; ). Hence u = v’ can be written as

u = g'(11x) _ g (fi1x) _ h(i+1)‘)3 _ h(fi+lx)3
G,(;+1x) G’(fi+1x) H(,-+1x)3 H(fi+1x)3

where f* = 1 from (i).
If d =h(; x)/h(;; x[). then

H(i+1x)3=d3H(i+1xf)3 and h(i+1x)3=d3h(i+1xf)3‘

Since h, H are relatively prime, we have d € K and df" =1 for h(,,,x)=
(;+1X)"h’'(;,1x) and h’ inhomogeneous. Therefore h’(, ;x) = h'(;,,;xf) and A’
depends on ,,,x* only. Since H, h are relatively prime, we have m = n = 0 and
since ,, x> € K(,x)alsou = (h'/H’)® with h’/H’ € K(,x) as desired. O

Recall that z = 2 if charK # 2 and z = 3 if charK = 2.

RECOGNITION LEMMA 4.2. Let K be a field and choose X = {,x,: g € G} a set of
independent, commuting variables and root chains ;x, € K (x) (i € w) such that

i1 Xg =Xk, forsomek, € K.

The field P = K(,x,: i € w; g§ € G) has the following properties:
(a) If y € P is z*-high over K, then we can write y = TT/_, ,.x;"k with r distinct

elements g, € G, k € K, j*>0,s(j)€Zands(j) €& zZ ifj* > 0.
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by Ify =gy € Pand , y> =,y f forsomef, € K, thenwe can findr > 1, b, € K
(i€w)andj,>0,8,€ G, s(j)€ZL\zL forj <r, suchthati, = max,, j, and

bi.,=b,- fl_[k,‘,(,/g) foralli> i,

where ;y =1’ “I’-”b, from (a).

Jj=11
PrOOF. By definition of the sequence ,x, we have
k- 1

N Xi=x, € K(,, x, g€G)
and therefore K(,x,: g € G) C K(,,,x,: g € G) is an ascending chain of fields
such that P = U, K(;x,: g € G). We will show (a) by induction.

(a) Since y € P\K we find a minimal / € w such that y € K(,x,: g € G). By
minimality there must be at least one & € G such that ,x, appears in the representa-
tion of y as a quotient of polynomials in K[,x,: g € G]. Extracting the homoge-

neous part we may write

(*) y= ; l'xh
with s € Z and relatively prime polynomials f, F € K[;x,: g € G] which are

inhomogeneous with respect to the variable ,x,. If K, = K/, x g€ G\ {h}], then
we claim

(+%) fLFEK,.

Consider f, F as polynomials in ;x,, i.e. f, F € K;[,x,] where K, is the quotient
field of K. In this setting we have to show that f, F are constant. Since y is z*-high
over K, we find k, € K (¢ € w) and relatively prime polynomials

f FEK[x;new geq|

with y = (f,/F)"
Using (*), we derive

fE xy =17 Fek, foralli € w.

From Lemmas 4.1(b) and (4.1*)(b), respectively, we see that f,, F, € K,[,x,]. Let g
be a prime divisor of f € K,[,x,]). Then q|f”'Fk, and since f, F are relatively prime,
also q|f". Therefore q|f, and q°'|fF?" x}. Since f,, F, are relatively prime, also
¢°'|f,x}, and because f is inhomogeneous ¢°'|f. However, f € K,[,x,] has finite
degree and ¢ € K/[,x,] must be a constant, i.e. ¢ € K;. We conclude f € K, and
the same argument shows F € K, and (x*). There are only finitely many elements
,X,, involved in the representation of y at “level” K[,x,: g € G]. Therefore the first
half of (a) follows by induction. If i > 0 in (), then s & zZ by minimality of i and
Xi =, 1x,k, ], Therefore s(j) & zZ if j* > 0 in (a). Similarly elements .x;!/’
with the same g, can be collected into one element, and (a) follows.
(b) Since , y is z*-high, from (a) we have

} — 1—[ x\(l/)b
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for some b, € K and s(ij) # Omod z if i, > 0. Using ,,,y* =,yf;, and , x; = x k
we compute, for (i + 1), > 0,

s(i+1r) s(r+1/)
l+1y = (l—[(1+1), 8 b:+1 (l+1) )

_ .s(1+ll) zs(i+1j))
= H(M), 2 biy - (i+1),%g
t#)

ig

I

&

_ .s(1+1t) S(I+1j) s(i+1j))
~1_L,~+1>, biiy - (i+1),-1%g k(,+1),_lg,
t#j

(l)
=t = l—[,,x“
Therefore
zs(i+1r) s(i+1)) s(i+1j)
1_1(,+1)x v b:+1 k(z+1) g, (i+1),-1 %y, g
t#j
() r
= s(it) i (i
=[1,x,f, if(i+1);>0
=1
and

r

() Tl Xyt 1007 o2 ) = L X gif; i(i+1);=0.
1%)

l 1=
From (*) and our representation of ;y we derive
(+) If(i+1);>0,then(i+ 1), ~ 1= and s(i + 1)) = s(ij).
From (**) we have
(++) If (i +1);=0,then i, = 0and zs(i + 15) = s(if).

From (+) and (+ + ) we see that it is impossible to have i; = 0 for infinitely many
i € w. Hence

(+++) there exists j, € w such that i, > 0 for all i > j,.

A trivial induction and (+) imply i, = i — j, for all i > j,. Choose s(j) = s( i, j)
= s(i, j) which is independent of i > j, by (+4). Therefore (4.2)(b) follows im-
mediately. O

We will also use the following well-known

OBSERVATION 4.3. If K is a field, t € w and f(x) =1 — x* € K[x], then f(x)is
z-power-free in K[x].

REMARK. Compare the Abel-Capelli-Redei-Theorem in Schinzel [30, p. 91, Theo-
rem 21] characterizing irreducible polynomials x" — a.

PROOF. Let f=X,_ ,a,x'€ K[x] and f’'=X,_ ia'" be its derivative. Then
(fg) = f'g + g'f for any f, g € K[x]. Suppose f is not z-power-free, then f = g°g
for some g, g € K[x] with degree deg(g) = 1. Then

S =(a78) = (q°) g+ g'qz = 24" 'q's + g'q° = (24" *q’s + g'¢°"").
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If f7+# 0, then ¢ is a common divisor of f and f’. On the other hand, if
f=1-=x7 then f’=z'x"""! and (4.3) holds trivially for ¢ = 0. Therefore ¢ > 1
and f’# 0. In this case f=1—x° and f’=zx*"! are relatively prime, a
contradiction. Hence (4.3) holds.

LEMMA 4.4. Let K be a field and P be the extension field P = K(,x: i € w) with
;X" =,xk, forsomek, € K*. Ift € Z\ zZ and 1 # b € K, then

f=(b=x)(1-x')
is not a z-power in P.

ProOF. We distinguish two cases ¢+ > 0 and ¢ < 0 and suppose f = v° in P for
contradiction.

If + >0, then f= f(,x) is an inhomogeneous polynomial. From (4.1)(b) and
(4.1*)(b), respectively, we find relatively prime polynomials g(,x), G(;x) € K[,x]
such that f = (g/G)"; hence

(*) G(x)(b=x)(1 = x") = g7(,x).
If g is a prime divisor of (1 —,x"), then ¢|g” and ¢°|g~ as well. Hence

g°1G*(b —x")(1 = x)
and since g, G are relatively prime, ¢°|(b —,x")(1 —,x"). Because g|(1 —,x") and
(b —;x"), (1 —,x") are relatively prime, also ¢°|(1 —;x’). Hence the degree
deg(1 —,x") = ¢ must be a multiple of z which contradicts t € Z\ zZ. If ¢t <0,
then (*) can be replaced by

(%%) G (x)b—x )1 —x")=(g(x) - x7")
which is again an equation in K[, x]. The same argument leads to —¢ € zZ, which is

a contradiction.
Using our notion (2.5) of supports, the convention (3.0) and (3.2), we have

LEMMA 4.5. Let R = R(K,G) be the field constructed in (3.2). If ak € A X k,
define
Xer = {Xaks: 8€ G}, X,={xy kEx, g€C}

akg:* o akg:*
and similarly
Xk =X\ X,. Y*={y ver geG ke&[e]=1Ime,[y]nX, =02}

If 0#a€F, =KX*UY*™) and g € G, then a(l — x,,) is not a z"th power
in R.

PrOOF. If K, = K(X*), then either a € K, or a € F,; \ K,,. In the first case,
let v(a) = 0, and in the second case there is a » = v(a) € A*, not a limit ordinal,
such that ¢ € R,\ R,_,. Suppose (4.5) does not hold and consider the least
criminal »(a) for some a € F}%.

If v(a) =0, then a € K and a(1 — x,,,)=b" (b € R) is a z-power in R for
some g € G. Clearly b must be in K, (x,,)- Since 1 — x,,, is a polynomial of
degree 1 in K, [x,,). and b= f/F with relatively prime polynomials f, F €

K, [x.: ). we have an equation aF*(1 — x,,,) = f* which is impossible by degrees.
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Therefore v = v(a) > 0 and y, € Y. The element a can be expressed as a =
(f/F),y,, for some s € Z, and inhomogeneous, relatively prime polynomials f =
fGyoe) F = F(,,,); compare (3.2)(1,). Since a(l — x,,,) is a z-power, z € {2,3},
we can apply (4.10(b) respectively (4.1*)(b) to find polynomials 4, H € R,[,,,]
with

h P4
a(l - 'xakg) = % iy:g(l - xorkg) = (ﬁ) .
From (3.2), (I,)(b), we derive
’ ho\? 73
(+) L1 = x0) = (57) ()

for some new polynomials #', H € R,[;3,,]-
Now we substitute ;y,, = 0, and if a’ = (f(0)/F(0))(m{g)* (f, F are inhomoge-
neous!), then the last equation (*) turns into

a'(1 = x,.,) = (h'(0)/H'(0))".

Since v(a’) <v(a)=v and a’ € F,; as well, the last equation contradicts the
minimality of ». O

In order to prescribe not only automorphisms but also the endomorphism monoid
of a field we need the following Lemma 4.6. Our original proof was based on
algebraic geometry using the fact that F(x, y) = f(x) + yg(x) as below defines an
algebraic curve, cf. R. Hartshorne [21, p. 300, Proposition 2.2], W. Fulton [16, p.
63ff.]. Then we can argue with M. Deuring [3, p. 11, Theorem] counting prime
divisors of extension fields which are ramified or inseparable. We conclude that E
(below) is finite. However, we can also give a direct and simpler proof.

We would like to thank our colleagues J. Herzog and H. Stichtenoth for a very
helpful discussion which lead to the earlier above indicated proof of (4.6).

LEMMA 4.6. Let K be a field of characteristic p > 0, and z any integer > 1 such that
p does not divide z. If f, g € K|[x] are relatively prime and not both in K, then

E={keK: f+kg=h" forsomeh = h, € K[x]}
is a finite set.

PRrROOF. If f, g are relatively prime in K[x], then fa + gb =1 for some a,b €
K[x] and f, g are also relatively prime over the algebraic closure of K. Passing to
the algebraic closure of K, the set £ might increase. Hence, we may assume

(1) K is algebraically closed.
If f € K is a constant, then g € K by hypothesis. In this case, consider E’ which is
defined as E but permuting f and g. Then (i) and k(g + k~'f)=f+ kg = hi
imply 0 # k € E if and only if kK ' € E’. Hence we may assume that

(1) f & K is not constant.

Moreover, we may assume that

(iii) g & K.

If g € K, then E is certainly finite.
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Let n > 0 be maximal with ¢ = p” and f, g € K[x9]. Then f + kg € K[x] for any
k € E. Since g = p" is a Frobenius automorphism on K by (i), we find F € K[x]
with F9=f+ kg and let f* g* and k* be the preimages of f, g and k
respectively. We derive F? = (f* + k*g*)9 If ¢ is a prime divisor of h° = f + kg
= F9 then ¢|F and t9|F9 = h°. If h = t"h* and (¢, h*) = 1 are relatively prime,
then (F/t)? = h*t™*~9 and induction shows mz = sq for some s € N. Since ¢ = p"
and p tz, also m* = m/q € N. We conclude h = (+"")%* and induction on the
prime components shows 2 = HY for some H € K[x]. We conclude H* = F = f*
+ k*g*. If E* is as E using f* g* instead, then we have found a bijection
k — k* between E and E*. The polynomials f*, g* have the additional property
that not both are in K[x”] by maximality of n. We may assume

(v) f& K[x?]and f+ kg & K[x”].

If f’ denotes the derivative of f, then (iv) implies /" # 0 and f’ + kg’ # 0. We
have to show f+ kg(k € K) has only finitely many roots. Let y be a root of
f+ kg =h"=hi for some k € K. Then h“(y)= 0 is a multiple root and y is a
root of the polynomial f” + k’g’. If D(x) = f'(x)g(x) — g’(x)f(x) is the determi-
nant of this system, then D(y) = 0.

We now distinguish cases.

Case 1. 1If D(x) = 0 for all x, then f’g = fg’ and f’ # 0 implies g| fg’. Since f, g
are relatively prime, also g| g’ and g must be constant. This contradicts (iii).

Case 2. 1f Case 1 does not hold, then D(x) is a polynomial # 0, which has only
finitely many x € K with D(x) = 0. Since D(y) =0, also f'(y)g(y) = f(y)g'(y)
and (f + kg)(y) = 0 implies f'(y)g(y) = —kg(y)g'(y). If g(y) = 0, then f(y) =
0 and f, g are not relatively prime, which was excluded. Hence g(y) # 0 and from
the last equation we have k = —f(y)-g(y) ! for only finitely many y € K with
D(v) = 0. Hence E must be finite.

5. The field R(K,G) is G-rigid. In this section we want to show that R = R(K,G)
satisfies

THEOREM 5.0. End R = <I>p X G.

Observe that the theorem and the corollary in §1 follow immediately from §3 and
(5.0). If G is infinite and r € R\ K, then [r] is finite nonempty and we can find
g € G such that [r]g & [r]. Hence rg # r and r & R, the fix field of R under the
action of G. Since K C R by (2.3), we derive K = RC.

In order to complete the proof, we consider a fixed homomorphism ¢ € End R
and will derive ¢ € ® X G at the end of this section. Replacing K by an
intermediate field K’ C R of size < « if necessary, we can find

() infinitely many elements w, € K withw,¢ € K and w, = 0.

e — e —
If x € X. then woe K([x¢]) for all w € X with [we] = [x¢]. Since |[K([x¢])| <
< X =|X|. by a puigeonhole argument we can find a subset X’ C X such that
|X’| =X and [x¢] # [we] for all x # w € X'. Because ¢ is injective [ X'¢] has A
many elements and [ X'¢] = [ X'$]* U[ X'¢]" leads to two cases: Either [ X'9]¥| = A
or [ X’$]*| < A. and in the second case we must have [ X'¢]*| = A.
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If [ X'$]¥ has A many elements, then we recall k < A and can choose sequences
X, € X’ and x] € X (i € w) such that
i—1
(a) x! € [x,6]" of maximal norm with x, € |J [xj4>],
(5.1) j=0

(b) X/ = x,p, Witha, < a,,, €EX,BEK, g € G (i €w)
If [ X'¢]*| = A, similarly we can choose x; € X" and , y; € R with
(5‘1)(3,) n,yi = [xiq&]y and Yi & U [X/¢]
J<i
A

In case (5.1)(a)(b) let F' = K( X\{ x,f} R Y) c F be the algebraic closure. We use ()
and suppose, for some fixed i,

(x,+w,)¢ =c,isa z-powerin F'(x,) forall n € w.
Then ¢, = f:/g> with f,, g, € F'[x]] relatively prime. Since w, =0, we have
co+ w$ = ¢, hence f5/gi + w,b = [7/g; and gi(fi + w,bg;) = fig follow.

An easy prime divisor argument shows g; = gZe for some unit e € F'. The last
equation turns into f + (w,0)g5 = fle and f§ + (w,9)gi is a z-power in F'[x]]
for all n € w. Since w,¢ € K by (), we derive a contradiction from Lemma 4.6.

We have found a sequence x, + w, = a, such that (5.1)(a), (b) hold and

e ———
(5.1)(c)  a,¢ isnota z-power in F'(x]) with F' = K X\{x/}. Y).
A similar argument in case (5.1)(a") leads to a sequence a, = x; + w, such that
(5.1)(@") holds and
. A e ——
(5.1)(¢’)  a,¢ isnota z-powerin F'(, y,) with F' = K(X,Y\{,}).

We will fix this sequence {a,: i € w} = A.
By the Black Box (2.10) there exists an ordinal « € A* such that the following
conditions are satisfied.

(5.1)(d) ACP, and ¢! P*=¢, R

l4ll. 4l <l /] and
T4l 4ol <l foo-

Now we want to show

(5.1)(e)

| if 7, is a large trap.

LEMMA 5.2. Any ordinal a € N* which satisfies (5.1) is not useless.

REMARK. We will find a; € R, (i € w) with the following property of the weak
case (§3).
(+)

If the choice of m¢ implies (1I,,, ;) for B € S, then either
m¢ or the new choice m%, in place of m® implies (III_, ;).
PROOF. If a is useless, then any choice m7 € R, and any ,;y,, as in (I, )(IV,, ;)

will violate (111, ;) or (II . ) for S,,, = S,. First we want to get hold of (III . ;)
only. Suppose that our first choice m¥ € R, and ,y,, implies ,y,¢, € R, for some
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—

extension ¢: P*( Vo 1 €E w) > PX,y,. i € w)of ¢, 1 R and all i > n. Therefore
(a) (,+lya) G = (iya) ¢ (m?) &, iVoPu € Ro
Next we try mfa, with a, € R, N P} from (5.1). To be definite, we deal with case

(5.1)(a); the case (5.1)(a") is similar. Let ,»_v{:g (i € w, g € G) be the new choice of
elements defining

R ., = (,.y(:g: i€w, gec G).
From (I, ) we have ,,,y." =, y.m%,. Suppose we are unlucky again, hence there

exists another extension ¢, of ¢, I R with ;y¢)/ € R for almost all i € w, say for
all i > n. We derive

() (L) = (ol -(mis,)(a,$,) where v, € R, (i>n).
If b, = (,y)./(;v.)$a, dividing (b) and (a) leads to

bi,, =b/(a,$,) and b,€R, forallizn
If ¢, = a,¢,, then b;, | = b,c; and induction shows

j—1

(C) n+/_ I_[ (n+m

m=0
Let[b,]" = {1y, i<t}andy <7y, < -+ <y,

Since 8 € k is flxed in (5.1)(b) and e, : w — & is an injection, by (I, ) there exists
n’ > n such that x;, 5, & {Xye, i 1€ @ J< t}foralli>n'

We distinguish three cases a = Ii{a ciz a0« <|If,lland a = ||, ||

In the first case we find some n” > n’ with «, > ||f || for all > n”’. We derive
b, € F' with F'defined in (5.1)(c). Slmllarly ¢, € F! for all j < from (5.1)(a). If
i=n+j—1 then (c) implies that ¢’ ' is z/th power of an element in F'(x]);
hence ¢, is a z-power in F'(x]), which contradicts (5.1)(c).

In the second case (a <||f,|) we have b, € R, .\ R, and ¢; € Ry for some
B < v, and almost all i € w. Hence ¢, € R, for all i > n” and some »’, and we may
let n’ = n. From b;, | = b,c; (i 2 n) and Defmmon 3.1(a) we see that b, is z*-high
in R, over R . From Lemma 4.2(b) we find elements d, € R, ., and M, a
product of elements m}" such that

(@) i

nty

=b,M,.

If g,=MII),_ e it L, then 1 # q, € R, by supports of ¢, and M cf. (5.1)(e).
Dividing (d) by (c) we have g, = (d,,ﬂ/b,ﬂ . By z-purity g, # 1 is a "’-power in
R, . This contradicts the choice of ¢, in R,

Finally let a = ||/, ||. Since ||{a S w}|| < || f,ll, there exists n” > n such that
x; €U, [m)] for all izn and the argument as in the first case leads to a
contradiction.

From this contradiction we derive the following;:

(1) There exists a sequence a,, € R, N ;’: with the following property. If m¢ is
chosen after (I,) and (IIT, ) falls then m¢,, and appropriate ;y,, will satisfy
(I, . ). e

Vag

v, b, & R, forall i € wand all extensions ¢, 2 ¢, [ R.

g
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Next we want to take care of (I, ;) for S, ., = S,, i.e.

a’

(ii) There exist m¢ € R, N ;E(i € w)and ,y,,(i € w, g € G) such that for any
B € S, and any extension ¢ D ¢ I R, there are numbers i(a + 1, B) such that

Vet E Ryt = Ry Vay: i €Ew, g€ G) foralli>i(a+1,8).

First we concentrate on a fixed ordinal 8 € S, and consider ¢5: Pg*(,y: i € w)
— F some extension of ¢! R,. Since B is strong, we have by the induction
hypothesis

(iii) Ypds € R, foralli>i(a,B).

Choose the sequence a, € R, by (i), choose any fixed increasing sequence e,:
w — k after (I, ) and pick a parameter b, which will be corrected later. Hence m$
is determined by the Black Box (2.10) and we find ;y, which satisfy (I, ,) and
(II1,, ). Suppose we are unlucky and there exists i, € w such that (ii) does not hold
for some ¢;,; hence

Ve € Ryst = Ry Vay: i €Ew, g €G) foralli > i
Clearly m# € ;E N Ry by (Ig)(b) and also m,ﬁ(p;; = mf’cpﬁ € Ry If )35 € R, from
(117 05 )¢5 = mPog € Ry C R,
we derive (,,  ypdp)° € R,. Since R, is z-pure inR, also ,, , yp¢p € R,

Induction shows , ysd; € R, for almost all i € . This contradicts (iii) and we
derive

(iv) VsPs € R, \ R, foralli> i,

which is z*-highin R, over R .
Hence we can apply Lemma 4.2(b) and find elements

(v) r=1, beR, g €G, >0, s(j)€Z\zZ forj<r

and if i| = max{ ji, i,. j < r}. then
r "
(Vi) bf+l = bi(m,ﬁqb/}) /,_l_ll(m?_/ng/) " forall i > il-

We now distinguish cases, either 8 + k%0 > a or 8 + k™ < a. In the first case we
want to trade ;y, into a better element such that “B becomes strong at level a + 17,
Le. , ypdp € R, for all extensions ¢ of ¢5 I R,. In the second case we will derive
strongness at level a + 1 by our choice of the Black Box: In this case the branch at
B is far away from a.

Case 1. Let B < a be such that 8 + k™ > a. Let us choose another sequence e’
w — & with Im(e) N Im(e,) finite. The elements a,, remain the same such that (i)
holds for ;y, and ma as in (I,) with the new elements. Therefore, from (I,)(b)
s ve =, y.m’® and suppose that we are still unlucky for 8. The same arguments
lead to the elements

(V') r'>1.b/€R, g €G, jj>0,s(j)€Z\zZLforj<r' i€ w,
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such that for i, = max{i,, i{, j5: j < r’} the following holds:

(vi”) b, = b,f(quhB) ]j( 1% e ) ) forall i > i,.

If B, = b,/b! (i > i,), then we derive from (vi) and (vi") the new equations

(vii) B:,, = B, n (me )" I‘[1 (mie ) foralli > iy.
j=

We will show the existence of i; > i, such that
(@) Xgpeig [B ] [compare (2.5) and (IV,,;)(b)],

(viii) (b)  Xpuig & T(f ) forall ¥y, € [B,-Z]' [compare (2.5), (3.5)],
(€) Xeuo® U [m2]*, foralli>iyandall g € G.

JEw

Requirement (viii)(c) can be arranged because Ime, N Ime, is finite and x,,;, €
[ Vag] - There are only finitely many v, ...,v, < A* suchthat[B, ]* = {y,,..., », }.
Since B, € R,, also y, < a. Therefore Im f, N Im f, is finite by the Black Box
2.10(11) and we can choose i, large enough such that (v111)(b) holds. Finally B, € R,
and [[ B, ]7|| < ||f.ll, hence (viii)(a) can be arranged easily. Using the explrclte form
of m¢ in (I,)(b)() or (ii), respectively, an induction on (vii) leads to the equations
Bf;":r:zﬂ = B,’Z ’ Hm/l—[l(l - xae(m—j(,)g/)

-/

By our last observation (viii), [H,] and [B;] do not contain X,,(,-,,, for
m>iy+i, j<r. If F/=F,, . _  as defined in Lemma 4.5, then the last

remark is equnvalent to saying that H,, and B, are both elements in the field F/. JIf
¢, = ,/B H

, .
= B:g+u+:, +1 whichisa z-powerin F,,; . _, )
cannot be unlucky twice at 8.

Let e” (v € k™) be a set of pairwise almost disjsoint maps e”: w — «k (which
certainly exist). If we cannot finish Case 1 with these e (v € k™), then for each
v € k™ there exists an ordinal B(») such that 8(») < a < B(») + k™ where B(») is

strong, but , yp ¢ € R, for some ¢ = ¢p,,, where

then ¢, € F” and the last equatlon turns into ¢,(1 = Xoeiy4i,—ry)g,)
This contradicts Lemma 4.5, i.e. we

R';r+1 = Ra(jyag: S w, g € G)

and |y, is constructed as in (I,) with the help of e” in place of e,. Since B(»)
assumes fewer than k%o values, there must be a 8 which is the image 8 = B(v) =
B(v') of two different » # »* € k™. Hence we are unlucky twice at this 8, which
was just ruled out. Therefore we can find v € k™ and e, = e” such that

sy & R, for all extensions ¢ D ¢ I R, almost all
i€ wandall B € S, with B + k™ > a.

(ix)

Therefore we fix this e, (and a,;) and consider the
Cuse 2. B < a such that B + k™ < a.
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We want to show

If B < ais strong, then , ypds & R, for all extensions

(x)

¢ 2 ¢g I R, and for almost all i € w.

We fix such ordinal B and argue as in (viii) but using (vi). We can find i, > i; such
that

() xoers € [5,]"
(Xl) (b) Xaeig & T(f ) for all Yy & [bﬁ]y’
(©)  Xoug & U [mPg] "

In this case only (c) needs explanation. Recall m#, € P and ||mPag|| < || f3ll < ||/l
by the Black Box 2.10(i) and (2.7). From B + k™ < a and (2.10)(iii) we derive

(xi)(c).

As in Case 1, an induction on (vi) leads to

.. m+ 1 z!
(X") b:l+n1+l 1, m 1—[ ( ae(m—j(,)g,)
By observation (xi), [4,,]* and [b, ]* do not contain Xae(m—jo)g, 10T M > iy + iy,
J<r.

m r
Ifc, = /b h, thenc, /]:[1 (1 - xae(m__,.")g/) is a z-power.

Again, Lemma 4.5 leads to a contradiction. We conclude (x) and (5.2) is shown. 0O
We have the immediate

COROLLARY 5.3. An ordinal a < N* which satisfies (5.1) is strong or weak according
as ;yp. lies outside or in R for some extension ¢, D ¢, R and for almost all i € w,
respectively.

LEMMA 5.4. Let K be a field with endomorphism ¢ such that ap € {a,a”'} for all
a€ K. Then ¢ =

PROOF. Since Im¢ C K is a subfield and a¢ = a, respectively ap = a™~!, we must
have a € Im¢ for all a € K. Therefore Im¢ = K and ¢ is an automorphism.

Suppose that we found a € K such that a¢ = a~!. Therefore (1 + a)¢ =1 +
ale{l+a), Q+a)y ). If 1+a'=1+aq, then a?=1. If A +a )=
(1+a) ', thenl=(1+a "1 +a)and a>+a+1=0. Hence a>=1or a® +
a + 1 = 0 which leaves at most 4 possibilities for such elements a. Hence

[K:Fix K] = r is finite and |K \ Fix K| < 3
for the field Fix K of all invariant elements of ¢. We derive
(r—1)|FixK|=|K\ FixK|<3

and r must be 1 or 2. If r = 1, then K = Fix K and (5.4) follows. If r = 2, then
[Fix K| = |[K\ Fix K| < 3 and again K = Fix K implies (5.4). If Char(K) > 0, we
need a more general result.

Recall our notion ex(p’) € ®, of Frobenius homomorphisms from §3.
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LEMMA 5.5. Let R = R(K,G) be the field constructed in (3.2). If ¢ € End R such
that the following holds:

For all a € R there exist e(a) € {1, -1}, g(a) € G, t(a) € Z with
ag = ag(a)ex( p),
then ¢ € G X @

PrOOF. We want to find t € Z, g € G such that

(i) ol X=g-ex(p)t X.

If x, v € X are different, and e(x) = ¢, 1(x) = ¢, g(x) = g from (x), then we have
to show

(ii) e=¢e(y). t=1t(y) and g=g(y).
From (*) we derive

) f(.\‘+)')p”‘"'g(,\‘+y)

(iii) '8 4+ PP = (x + ) ’

and we distinguish four cases. The first one leads to (ii) and the others lead to
contradictions.

Casel. Leteg(x +y)=land t' =t =t(x +y) > 0.

From (iii) we have

(xg)™ +(yg(») ™" = (xg(x +»))" +(yg(x + )" .
Recall the action of G on X; hence

")

(xg)” = (xg(x + )" (g™ = (yg(x + )"

and g = g(x + y), g(x +y)=g(y), ep' =p" = &(y)""* by independence of the
variables. Therefore g = g(y) and € = &(y), t = ¢(y) and (i1) is shown in this case.

Case 2. Let e¢(x + y)=1and ¢«(x + y) <0, hence t' = —¢(x + y) > 0 and (iii)
implies

e(x+y)gx+y)p ¥ v
xg(x + 1) +yg(x + ) = (x + p)glx + ) = [(x +p)semor 1]

= [(x+p)8]” = (x)" +(y)” = xg”"" + yg(y)™""
Hence g = g(x + y)=g(y). e =¢e(y)=1and r = —t’ < 0. Therefore x¢ = xg”’
€ R andsincer < —1, also(xg)” = (/; € R which is impossible.

Case 3. Lete(x + y)= —land ' = t(x + y) > 0.

Then we have from (iii),

*g(\‘+r)p" I7e3)

(iv)  (x+») = (x + )b =x¢ + yb = xg + yg(y)?

and also

(X + y)g(\‘fr)l;' (xgpl” + yg(y)p(lr)u\)) _ 1



INFINITE GROUPS ARE GALOIS GROUPS 377
Substitute y = 0 to get

xg(x +y)" (xg)?” =1,
hence
xg(x +y)" =xg

and g(x +y)=g, p"' = —ep'ande= —1,t=1".
Similarly, substitute x = 0 to get g(x + y) = g(p), e(y) = —1, t’-t(y). Together
we have g = g(x + y)=g(y), t = t(y), € = &(y) = —1, and (iv) turns into

(x+p) " =x?4yr.
The last equation is equivalent to
X274 xPyP 4y = 0;

however, y is transcendental over K(x), a contradiction.

Case 4. If ¢(x +y)= —1, and t(x +y) <0, then let t' = —¢(x + y) > 0 and
argue as in the last case for a contradiction.

Hence (i) follows, and finally we show

(v) ¢! R=g-ex(p'), ie. a¢p=ag” foralacR.

Let a € R and choose any variable x € X algebraically independent from ag(a)
and ag(xa) (which certainly exists). From (i) and (x) we have

(xg)” (ag(a)) ™" = (x¢)(a¢) = (xa)¢ = ((xa)g(xa)) ™"

“(ag(xa)

"a) {(xa)

(xa)

)e(xu)p )e(.\'a)p

= (xg(xa)
and from our choice of x,

Hva) Ha) (xa)

= (Xg)p' and (ag(a))s(a)p _ (ag(xa))s(xu)p -

The first equation implies g(xa) = g, e(xa)s = 1 and t(xa) = t. Hence

(ag(a)) """ = (ag)”

from the second equation, and (v) is shown. O
From (3.3) we have @, X G C End R. From (5.4) and (5.5) we have a

e(xa)p

xg(xa)

COROLLARY 5.6. If & € X* and v$, € v®, X G U v‘ld),, X G forallv € ;’:* N R,
then ¢, 1 RGq)pXG[Pa*.

Observe that it is easy for p = 0, to replace v¢, € v®, X G U U"fbp X G by
vé, € {v,07 1} in (5.6).
The following lemma is the major step in the proof of (5.0).

LEMMA 5.7. Let a € X* be such that 7, is a large trap t, = (7..),;c .- If ¢o- | R, is
not the restriction of a map in ®, X G, then a is a strong ordinal.
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Proor. Since 7, = (f,, P,.¢,) is a large trap, we have a sequence 1, = (7..);c,, Of
traps T,. = (fix, P, ¢;2) (i* € A) satisfying (2.9). Suppose R, has been constructed.
From Lemma 5.2 we know at least that « is not a useless ordinal. Hence we can find
iy, (i € w) with

(1) ;y.9. € R, for any map ¢, extending ¢ = ¢, | R, and all i € w and

(i) m¢ = a,,(1 — x,,;), say a,; = a,, X,,; = z; from (1,). In fact, the remark
after (5.2) holds aswell. If ,y ¢ & Ra+l for almost all i € w, and each extension ¢’
of ¢, then (5.7) holds. Hence we may assume

(i) ,y,¢" € R, forall i € w, and some extension ¢’ of ¢. Therefore

(L iy )¢ =me =a,(1-z2)¢€R,., by(l,)and ().
Since [|a,(1 = z,)[| < || f,]l also
(iv)ya;,(1 — z))¢ € R,.
Using (i) and (iv), we see that ,y¢" is z*-high over R ,. From Lemma 4.2(b) we

find r>l b;ER, jo=0, g €G, s(j)eZ\zZ (] r) such that for i, =
max{ j,. j < r} the following holds

(v) bio=b[a,(1 -z )]‘f’ [ a;_ ,‘,(1 - zi—jn)]g_j_“j) forall i > i,.

Now we want to find better elements ;Yo (i € w)such that
(Vi) vl = pm and R =R yigi€w, geG)  [see(3:2)].

Our hypothesis that ¢y. I R is not the restriction of a map from @, X G will allow
us to prove ,y, ¢’ & R’ ., for any extension ¢’ 2 ¢,. From Corollary 5.6 and our
hypothesis ¢, I Pt N R, = ¢« I R, & ®, X G, we find in this case

(+) be;’;"z N R, that b¢$bg<l)pub“g<bp forall g€ G.

We choose this element b and see that the element m’* in (I )(b)(i1) hence ,y,. is
completely determined by a,z, as in (ii), y; = y,. from the partial trap 7. of the
large trap 7,.

Suppose that the new elements are not good enough to prove strongness of a,
hence ,y. € R/, \ R, for all i € w. We now work for contradiction. Since m’"
a,(1 —z,)(b—y)1 - y,), the same argument as for (v) leads to elements r’ 1,
b/ €R,. j;=>0, g €G, s'(j)€EZ\zZ (j<r') such that for i, = max{j(i, i
J < r) the following holds:

(v') z+1_b[a —z,)(b - ) _yi)]¢
’ l_l [ai”/<')(1 - zi—fl't)(] Yi- Jo ]gl " for all 4 > .
Jj=1 ’

If B, = b]/b,. then (v) and (v’) give rise to equations

(vii)  B,., =B[(b-y)( —y,)]¢1:ll[(b—yiv,~;,)(1 ~v)e

l:I[ - "’( i ]g/ o lj[l[ai—./o(] T Ziejy ]g‘“)'
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We want to simplify (viii) and derive first

(ix) r=r's jo=Js 8 =8 s(j)=s'(j) forall j<r

Let j < r’ be fixed and suppose g} & {g;,-..,8,). Then we choose i € w large
enough such that z; ;... = X, occurs only in the x-supports of the elements

z,_;,8; or B; of the nght -hand side of (viii). Collecting factors of (viii) into w,,
equations (Vviil) can be written as

(viii’ B, =B -w(l—-z_.)g Y and z,_,, &[w].
i+1 i i Zi- Jo J i i

—Jo&;

Induction on (viii’) leads to

m —-s'(j)z"
(*) Bl+m+1 BH (1 '—-j(',+m) ’ )
where z;,_, ., & [B,]* and (*) leads to

a z-power

B:

i+m+1

& [H,]*. If m is large enough, also z;

i—jo+m

= (BH,)"" (1 =2 )"

l—j(,+m)

such that s'(j) & zZ,

which contradicts Lemma 4.5. Therefore g} € {g;,..., g,} and by induction, sym-
metry and new enumeration we conclude

r=r" and gj=g; forall j <r

Therefore (viii) turns into
i1 = Bi[(b -y _)’i)]d’ ) U [(b —Vi-j; ( —Vi-j ]g_s(j)
‘ [ a,_ /0(1 -z, . ]gx(J)
[ai'./\'ﬁ(l T Zi- Jo ]gSU)

If j < ris fixed and j, # j;, we may assume without loss of generality that j; < j,
which implies

(viii”)

(xi) i—jo<i—j; foralli.

As before, but using (xi) instead, we can choose i large enough such that z,_ Jog, =

X qei j;g, OCCUrs only in the supports of elements z;, ;. g; or B; of the right-hand side
of (vii1”’). Again, (viii”’) can be written as

B,y = Bw,(1 - Zi—j())gj_s v
for some w; with z,_, g, & [w,]*. As in case (x) we are lead to a contradiction, which
shows j, = ji for all j < r. Again, we can simplify (viii”’) and we derive

S(H=s'())

l+1 ]._[ ( - l /o)g/
viii
( ) [(b_yl (1 —yl)]¢ s())— 3(/)
[(b _yi—j”)(l Yi—jy ]gs(/) ’
If j <ris fixed and s(j) # s'(j), then let s(j) —s'(j)=u-z" with u € Z\ zZ.
Observe that ||T; || < ||z, Then we can choose i large enough such that z,_ 8 €
0., 7,1~ Inductlon on (viii””) leads to the equation

B’

where T;, =

Lm

mt 1 U

i‘+m+1 = Bi : Hm(l -z

i—_/'(,+m——n)
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such that, for m large enough, z;_; ., .,
Again, Lemma 4.5 will give a contradiction. Hence (ix) is settled and (viii
into the handsome equations

(Xii) B, = BY,

is not in the support of B, and H,,.
”") turns

with
(bo — y9)(1 — yi9)

(xiii) Y, =
b =y)e (0 =y, g

Induction shows

m
(XiV) Biz:ml+l = Bizm for Zm = l—[ Yzij/
J=
Let [B,)" = {y,: u,=(f,,8) €N X G, i<e} the y-support of B; and choose
¥ < --- <y, in A*. Now we compare f =sup,c, ), and ||f, |l Call u, = u,
Y. = Y. & = g’ and consider
Case L || £, > B

Certainly we can write B, = (f/F), y: with relatively prime and inhomogeneous
polynomials f, F € R°[,y,], where R®=R (,y,,; g€ G\{g'}. i € w}. From
Lemma 4.1 and (4.1*) we find mhomogeneous relatively prime polynomials #,,, H,
€ R¢[, y,] such that

.m

h”l )
(H k+myz:) £Ay Z

If ¢ = 0, then substitute , y! = 0 and continue at the equations similar to (xvi).
Using definition (3.2)(IIL,)(b) of , y,. we have i 1VEys Y= mYg and the last
equation turns into

z m—1
(xv) (%"i) ﬁ ml_[(mb,g)

m

Observe that , y, appears only in the inhomogeneous polynomials #,,, H,,, f, F.

Now we substitute , y, = 0 and obtain new z-power equations from (xv).

. h O\ f0)
(XVI) (m) (0) nzl:lj[(mk+jg) .

Finally use the (by now) standard support argument to kill (xvi): Since x_, 4 )4
[m].,g’] by (3.2)(I11,)(c), (d), we can choose j large enough such that x_ .,
does not appear in Z, and f(0), F(0). Then Lemma 4.5 leads to a contradiction.
~ Case IL|If)l = B.
Since ||m]'|| < B, we can find i, > i, such that
y, & U |[mp] foralli>i,.

i<e

S

Using the same substitution argument, we derive a contradiction from (4.5).
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After finitely many steps we derive at the final

Case 111. || £,]| < B.

Observe that the substitution argument (xvi) might have changed the B, but not
Z,,. Without loss of generality we will work with the same equations as in (xiv).

By hypothesis, we can choose g > i, such that ||y,|| > ||f,|| for all i > q. Hence
B, € R . and suppose j, > 0 for some fixed j < r in (xiii). If

RI=R.(,y-8k€w g€ G\{g}).

then (xiii) and (xiv) can be written as

Lmt ]

B:l . =A[(b-y,)e(1-y,)e|" with 4 e R/
Since y,¢ = y 9, is z*-high in R.(;y,,: | € w, g € G) over R ., we find k' >1,
h, €G, u,€R, j}f >0 1q) € Z\zZwith
e
(xvi) Y= l_ll qu‘;("/)hqjuq
j=

from Lemma 4.2(a).

We will consider the case g; = h, for some i < k’. The case g; & {h;;: i < k'}is
similar but simpler. We may assume that g, = s, and substitute (xvi) into the last
equation. Hence

(xvii) B}, = A(bd —,-y,8,d)(1 —.y,8,d) with A,d € R/, j* = j*.
By Lemma 4.1, respectively (4.1*) the inhomogeneous polynomial
(b _'_,'*ngjd)(l _j‘ngjd) = Rj[j*ngj]

is a z-power in R/(, Y,8;: i € w), which contradicts Lemma 4.4. Therefore j, = 0
and g, = h; forall j < r. Together with (xvi) we can write (xiii) as

(b‘f’ - 117, f/*)’i'(ij)gj“i)(l - 117, j*yit“j)gj“i)
n_;=l(bgj - y,'gj)““(l - )’igi)sm

Now suppose r > 1 in (xiii"). We collect all other factors (j # 1) of (xiii”) in

(xiii’) Y, =

{

u= l_lz,i‘yi"i’)“’ and A4 = .1_[2(1’8./ —y,-g‘,)“")(l ~8).
/= Jj=

Let0 <s < zsuchthat s(1)=smodzand1* =w, g, =g, y =, y,, ¢ = t(i,1).
Recall from the construction (3.2) that R, = Ru(, Y n € w, h € G) and
consider the subfield

Si*g = Ri*(nyih: new, he G\{g})
Since y,g =d -,y =dy” for some d € R,. from (3.2), equation (xiii’) turns into
an equation with coefficients (#, 4,...) in S,
(b — y'u)(1 = y'u)
Albg = y7d) (1= )’

i
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with s € {1,2} (charK # 2 = s = 1) and w = O or 1 & zZ. From (xii) we know that
BY, (with B, € S...) is a z-power in R,. ;. From (4.1) and (4.1*) we find relatively
prime polynomials h, H € S.. [ y] with
B(bo — y'u)(1 —y'u) _ (ﬁ)
A(bg —y7d)’ (1 —y7a)" \H]~
Therefore, since s € {1,2} and s = 1 if charK # 2,

[ H*(bo — y'u)(1 = y'u) B, = h(bg — y7d*)"(1 = y7d)"4
| = h*(bg* = y*d)(1 - y*d*) 4
The polynomials (g — y'd)* and (1 — y*'d)* are z-power-free by (4.3). Since b # 1

by (), also bg # 1, and the polynomials are relatively prime as well. Arguing with
prime divisors in some algebraic closure S,., [ y], (xx) implies

(bg = y7d) (1 = y7d) | (bg = y'u)(1 = y'u).
Consider the case char(K) = p t+¢. Then also (b¢ — y'u) and (1 — y‘u) are
z-power-free and relatively prime by (+). Similarly

(bp — y'u)(1 — y'u)|(bg — y¥d) (1 — y7d)’.
Therefore the two products differ only by a unit in S.,[y]. There exists B € S,.,
such that

(xxi) (b = y=d*)(1 = p*7d*) = B(b¢ — y'u)(1 = y'u).
From the degree of the polynomials we conclude 2¢ = 2sz*, hence ¢ = sz". If w = 0,

then ¢ = 5. Suppose w # 0, then ¢ & zZ, hence sz & zZ and w = 0 is a contradic-
tion. Since w = 0, 1 = 5, we derive from (xxi)
(b%g = y'd*)(1 = y'd*) = (b$ — y'u)(1 = y'u).

Comparing roots of y*, we find {(b’g)d *,d *} = {bou ', u~'}, hence (b, 1} =
((b*g)d*u,d *u}. There are two possibilities. Either d *u = 1 and b¢ = b'gd 'u
= b'gor1 = b’gd *uand b = d °u = b °g. Because s = 1 or s = charK = 2, the
map is a Frobenius homomorphism and in any case b¢ € bg®, U b‘lgd)p which
contradicts (+). Therefore we consider the case char(K) = p|t, say t = p"m with
n>0,and0 #ptmIf b’ =(bd)? "and u’ = u” " in S,., then (xx) turns into

HA(b = ymu')" (1= y™u’)" B, = hi(bg — y7d) (1 = y*") A
If w0, then ¢ & zZ and the multiplicity of roots forces n = 0. Therefore 1 = m

and p t ¢ was excluded in this case. Hence w = 0 and d = 1 by definition. The last
equation equals

(xx)

HA(b = ymu’)” (1= y™u')" B, = h*(bg = )" (1 = y) 4.
Since char(K)=ptm and u’ # 0, b’ +# 1, the polynomials (b’ — y™u’) and
(1 — »"u’) are z-power-free by (4.3) and relatively prime. The last equation implies

(6" = ymu')(1 = ymu')|(bg = y) " (1 —y)
and the degree forces m = 1.
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Since (bg — y)*(1 — y)* is z-power-free, we also have

(bg = »)" (1 = y)" (6" = yu')" (1 = yu')"".
Hence H?|h® and H is constant because H, h are relatively prime. Therefore
(b" — yu)?’(1 — yu')?'B,/(bg — y)*(1 — y)*A4 is a z-power in S,.[y]. Comparing
roots, we find {bg, 1} = {b'u’"',u’ "], hence{bgu’,u’} = (b, 1}.

Case 1. u’ =1, bgu’ = b’. By definition of b’ we have (b¢)? "= b’ = bg and
b$ = b"'g € bgd,.

Case 11. u’ = b’, bgu’ = 1. By definition of b’ we have (b¢$)? " = u’ = b~ 'g and
bp = (b')P"g € b~ 'g®,. In any case b¢ € bg®, U b~ 'g®, which contradicts (+).
Therefore a must be strong.

Finally we want to prove (5.0). Because of (3.3) it remains to show End R € @, X
G. Suppose ¢ € End R\ @, X G and suppose we derived

(%) There exists a € A* such that ¢, R=¢ F;’;; is not the
restriction of a map in @, X G.

By the Black Box we can find another 8 € A* with (x) for ¢4 R and the
hypothesis of (5.7). Hence B is a strong ordinal and , yp¢ =, ys¢3 & R. In particular,
¢ & End R, a contradiction. Therefore (5.0) follows as soon as (*) is proved.

Suppose ¢, R =%g* R with % induced by % € ®, and g* induced by
*¢ € G on RN P} We want to show
(%%) If a, B € A\*, then % =%¢ and °g =4g.

Choose any x, € [P,]" and x,. € [Pg]". There exists y € B such that x,, x, € [P,]*
and ¢, = ¢ [ (P N R) by the Black Box 2.10. Since ¢," €A X k X G, let t =
(8,k,h) and ¢’ = (&, k', h’'). We derive x,¢ = x,¢, = x,(“p)(8*) = X5y4e,"¢ and
similarly x,.¢ = xzs,5 as well as

X0 = XD, = Xyl and x,¢ = Xoknrg P
Using the law of right cancellation on G, we derive % =Yg =fg and % ="¢ =Fp.
From (xx) we have ¢ € ®, X G, which contradicts our assumption on ¢. O
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